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Using renormalization-group arguments we show that the low-temperature thermodynamics of
a three- or two-dimensional dilute Bose gas is fully determined by a universal scaling function
Fd(µ/kBT, g˜(T )) once the mass m and the s-wave scattering length ad of the bosons are known (d
is the space dimension). Here µ and T denote the chemical potential and temperature of the gas,
and the temperature-dependent dimensionless interaction constant g˜(T ) is a function of ma2dkBT/~2.
We compute the scaling function F2 using a nonperturbative renormalization-group approach and
find that both the µ/kBT and g˜(T ) dependencies are in very good agreement with recent exper-
imental data obtained for a quasi-two-dimensional Bose gas with or without optical lattice. We
also show that the nonperturbative renormalization-group estimate of the Berezinskii-Kosterlitz-
Thouless transition temperature compares well with the result obtained from a quantum Monte
Carlo simulation of an effective classical field theory.
PACS numbers: 05.30.Rt,05.30.Jp,67.85.-d,03.75.Hh
I. INTRODUCTION
The physical properties of a system at thermal equilib-
rium are determined by an equation of state. For a fluid
of particles in the grand canonical ensemble, the equa-
tion of state relates a thermodynamic quantity such as
pressure, density or entropy to temperature and chemi-
cal potential. It can take a complicated expression when
the particles interact via a two-body potential V (r1−r2)
which has no simple expression as is usually the case
in real systems. Quite remarkably however, the low-
temperature equation of state of a d-dimensional dilute
gas is universal, in the sense that it depends only on
a small number of parameters, such as the mass m of
the particles and the s-wave scattering length ad, and is
otherwise insensitive to the details of the two-body po-
tential V (r1 − r2). A well-know example of universality
is given by a three-dimensional dilute Bose gas at zero
temperature, the pressure of which is given by the mean-
field result P (µ) = µ2m/(8pia3~2) to leading order in the
small parameter ma23µ/~2. The first quantum correction,
known as the Lee-Huang-Yang correction, is also entirely
determined by m and a3 (besides the chemical potential
µ) [1]. (In the following we set kB = ~ = 1.)
The universality property of the equation of state of
a dilute Bose gas can be understood from the point of
view of the theory of phase transitions [2–5]. By varying
the chemical potential from negative to positive values at
zero temperature, one induces a quantum phase transi-
tion between a state with vanishing pressure and no parti-
cles (vacuum) and a superfluid state with a nonzero pres-
sure. This identifies the point µ = T = 0 as a quantum
critical point (QCP). Above two dimensions (the upper
critical dimension of the T = 0 quantum phase transi-
tion), i.e. for d ≥ 2, the boson-boson interaction is irrel-
evant and the critical behavior at the transition is mean-
field like with a correlation-length exponent ν = 1/2 and
a dynamical exponent z = 2. However, the boson-boson
interaction cannot be completely ignored and enters the
equation of state [6]. In the critical regime near the QCP,
defined by ml2µ 1 and ml2T  1 with l the “natural”
low-energy length scale [7, 8], the pressure takes the form
P (µ, T ) =
(m
2pi
)d/2
T d/2+1Fd
(µ
T
, g˜(T )
)
, (1)
where Fd is a universal scaling function characteris-
tic of the d-dimensional dilute Bose gas universality
class. The temperature-dependent dimensionless inter-
action constant g˜(T ) is a known function of ma2dT , so
that P (µ, T ) can also be written in terms of a universal
function of µ/T and ma2dT . In two dimensions and in the
weak-interaction limit, g˜(T ) ≡ g˜ is approximately tem-
perature independent and the universal scaling function
F2(µ/T, g˜) depends on µ/T with the interaction strength
g˜ as a parameter; the equation of state then exhibits an
approximate scale invariance (with no characteristic en-
ergy scales other than µ and T ) [9, 10]. Equation (1)
also holds in a one-dimensional Bose gas (i.e. below the
upper critical dimension of the T = 0 vacuum-superfluid
transition) but with the universal function F1 depending
only on µ/T .
While Eq. (1) follows from general renormalization-
group (RG) arguments (see Sec. III), the theoretical de-
termination of the universal scaling function Fd(x, y) re-
quires an explicit computation of the pressure P (µ, T ). A
perturbative calculation order by order in g˜(T ) is possible
only for d > 2 (it nevertheless breaks down in the critical
regime of the thermal phase transition between the nor-
mal and the superfluid phase, which is controlled by the
Wilson-Fisher fixed point of the classical O(2) model).
In two dimensions, perturbative theory is plagued with
infrared divergences at finite temperatures, thus mak-
ing the determination of F2 difficult, in particular in
the quantum critical regime |µ|  T . The Berezinskii-
Kosterlitz-Thouless (BKT) transition [11] and the low-
temperature phase with quasi-long-range order are also
beyond a mere perturbative treatment [12].
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2The advantage of the point of view based on phase
transitions is two-fold. Firstly it gives a straightforward
explanation of universality in a dilute Bose gas. Sec-
ondly it shows that the universal equation of state (1)
holds not only for a dilute Bose gas but for any system
near a quantum phase transition belonging to the same
universality class. For instance, a Bose gas in an opti-
cal lattice near the vacuum-superfluid transition exhibits
the same thermodynamics as a dilute Bose gas, provided
that m and ad are understood as the effective mass and
scattering length of the bosons moving in the lattice. The
thermodynamics of a Bose gas near the superfluid–Mott-
insulator transition is also described by the equation of
state (1), since this quantum phase transition (when it is
induced by a density change) belongs to the dilute Bose
gas universality class [2, 3]. In this manuscript we focus
on the vacuum-superfluid transition in a two-dimensional
Bose gas.
On the experimental side, cold atomic gases provide us
with highly controlled and tunable systems where uni-
versal thermodynamics can be experimentally demon-
strated. Altough cold gases are inhomogeneous and of
finite size due to the harmonic confining potential, us-
ing a local-density approximation it is possible to deduce
the equation of state P (µ, T ) of the infinite homogeneous
gas (with uniform density) [13, 14]. A number of experi-
ments on weakly-interacting two-dimensional Bose gases
have been reported [15–19], and the scale invariance of
the equation of state P (µ, T ) has been observed [17–19].
More recently, the equation of state of a Bose gas in
an optical lattice has been measured near the vacuum-
superfluid transition in a regime where the interaction
constant is not weak [20]. These experiments allow us
to determine both the µ/T and g˜(T ) dependence of the
universal scaling function F2 in various limits and will be
thoroughly discussed in the manuscript.
The outline of the paper is as follows. In Sec. II, we
introduce and motivate the low-energy effective Hamilto-
nians which enable to derive the universal thermodynam-
ics of three- and two-dimensional dilute Bose gases. Sec-
tion III is devoted to a discussion of the thermodynamics
of a dilute Bose gas using the language and concepts fa-
miliar from the theory of phase transitions. A detailed
derivation of Eq. (1) is given. In Sec. IV, we discuss
the universal scaling function F2 obtained from a non-
perturbative renormalization-group (NPRG) approach.
These theoretical results are compared with the exper-
imental data of Refs. [18–20] in Sec. V. In particular, we
make quantitative comparisons between the experimen-
tal data obtained with a Bose gas in an optical lattice [20]
and theoretical results obtained in the framework of the
Bose-Hubbard model. Finally, in Sec. VI, we discuss the
NPRG prediction for the BKT transition temperature
and compare it with the estimate deduced from a quan-
tum Monte Carlo simulation of an effective classical field
theory.
II. MODEL HAMILTONIANS
A. Three-dimensional Bose gas
The interaction between ultracold atoms is governed
by a potential V (r1 − r2) which is repulsive at short dis-
tances and determined by the van der Waals attraction
−C6|r1 − r2|−6 at long distances [7, 21]. The latter de-
fines the microscopic length scale lvdW ∼ (mC6)1/4 (m
denotes the atomic mass). For length scales larger than
lvdW and energies smaller than 1/ml
2
vdW, collisions be-
tween atoms occur only in the s-wave channel and the
scattering amplitude is well approximated by
f3D(q) = − a3
1 + i|q|a3 , (2)
where the three-dimensional s-wave scattering length a3
is typically of the order of lvdW. In this low-energy
regime, the ultracold gas can be described by the effective
Hamiltonian
Hˆ =
ˆ
ddr
{
ψˆ†(r)
(
−∇
2
2m
− µ
)
ψˆ(r)
+
g
2
ψˆ†(r)ψˆ†(r)ψˆ(r)ψˆ(r)
}
, (3)
with an ultraviolet momentum cutoff Λ ∼ l−1vdW (d = 3 for
a three-dimensional gas). Here ψˆ(†)(r) is a bosonic op-
erator, µ the chemical potential and g the “microscopic”
interaction constant. The scattering amplitude obtained
from (3) takes the form (2) with a scattering length
a3 =
mg
4pi + 2pimgΛ
(4)
which is a function of g and Λ. The low-energy effec-
tive description is valid only for momentum scales much
smaller than Λ, which requires both temperature and
density to be small enough: T  Λ2/2m and D  Λ3.
B. Two-dimensional Bose gas
A quasi-two-dimensional gas can be created by sub-
jecting a three-dimensional gas to a confining harmonic
potential along one direction. The scattering amplitude
then vanishes in the low-energy limit q→ 0,
f2D(q) = − 2pi
ln
(
|q|a2
2
)
+ C − ipi2
(5)
(C is the Euler constant), as in a strictly two-dimensional
system [22, 23]. The effective two-dimensional s-wave
scattering length a2 is a function of the thickness lz of
the gas in the confining direction, as well as the s-wave
scattering length and microscopic interaction strength of
the three-dimensional (unconfined) Bose gas. At suffi-
ciently low temperatures, when T is much smaller than
3the ωz = 1/ml
2
z , only the lowest level of the confining
potential is populated and the gas behaves as a two-
dimensional system. The quasi-two-dimensional gas can
be described by the effective Hamiltonian (3) with d = 2
and a “microscopic” interaction constant [22, 23]
g =
√
8pi
a3
mlz
, (6)
which reproduces the scattering amplitude (5) with the
scattering length
a2 =
2
Λ
exp
(
− 2pi
mg
− C
)
. (7)
Here Λ ∼ l−1z is an ultraviolet momentum cutoff below
which the two-dimensional description holds. In addition
to the condition T  ωz ∼ Λ2/2m, we must require
the density to satisfy D  Λ2. The typical energy per
particle gD is then much smaller than ωz as it should be
for the two-dimensional description to be justified. Note
that in all experiments realized so far, the dimensionless
interaction constant g˜ = 2mg is small.
C. Bose gas in an optical lattice
Bosons in an optical lattice are described by the Bose-
Hubbard model [3, 24],
Hˆ = −t
∑
〈r,r′〉
(
ψˆ†rψˆr′ + h.c.
)
+
∑
r
[
−µnˆr + U
2
nˆr(nˆr − 1)
]
,
(8)
where t is the hopping amplitude between nearest-
neighbor sites 〈r, r′〉, and U the onsite interaction. ψˆ(†)r
is an annihilation (creation) operator for a boson at site
r of the lattice and nˆr = ψˆ
†
rψˆr. An effective single-
band description is valid only if the optical potential
is strong enough and at sufficiently low temperatures.
For a d-dimensional hypercubic lattice, the dispersion
of the free bosons is given by the Fourier transform
tq = −2t
∑
i cos(qil) of the intersite hopping matrix (l
denotes the lattice spacing). It is convenient to use a
shifted dispersion law
q = 2td− 2t
d∑
i=1
cos(qil) (9)
which vanishes for q = 0 and behaves as q ' tl2q2 for
|q|  l−1.
If the density D is low enough (Dld  1), the ground
state is always a superfluid and we do not have to worry
about the physics of the Mott transition [3]. Further-
more, at low temperatures T  t, the lattice does not
matter and one can take the continuum limit where the
Hamiltonian takes the form (3) with an effective mass
m = 1/2tl2, an interaction constant g = Uld, and a chem-
ical potential µ+ 2dt. The ultraviolet momentum cutoff
Λ is of the order of the inverse lattice spacing l−1; the
conditions T  t and Dld  1 then become T  Λ2/2m
and D  Λd.
Thus, in the low-energy limit, a Bose gas in an optical
lattice behaves similarly to a homogeneous Bose gas with
an effective mass m and an effective interaction constant
g. To ensure that the effective continuum model repro-
duces the same low-energy physics as the lattice model,
we must choose the cutoff Λ so that it yields the same
scattering length. In the two-dimensional case, we re-
quire Eq. (7) to reproduce the scattering length of the
two-dimensional Bose-Hubbard model [25],
a2 =
l
2
√
2
exp
(
−4pit
U
− C
)
, (10)
which gives Λ = 4
√
2/l.
III. UNIVERSAL THERMODYNAMICS
In this section, we discuss the thermodynamics of a
d-dimensional dilute Bose gas from the point of view
of phase transitions, starting from the Hamiltonian (3).
This description provides us with a natural explanation
of universality as well as a simple derivation of Eq. (1).
Altough we will mainly focus on two-dimensional sys-
tems in the following sections, for generality we consider
an arbitrary dimension d ≥ 2.
A. Vacuum-superfluid transition
Let us first consider the vacuum-superfluid quantum
phase transition induced by a change of chemical poten-
tial at zero temperature. For d larger than the upper
critical dimension d+c = 2, boson-boson interactions are
irrelevant (in the RG sense) and the critical behavior is
described by non-interacting bosons. At the QCP µ = 0,
the ground state is the vacuum, and the single-particle
Green function is given by
G(q, iω) =
(
iω − q
2
2m
)−1
, (11)
with ω a (bosonic) Matsubara frequency. This result is
exact and holds for any value of the (bare) interaction
constant g [26]. We deduce the dynamic exponent z = 2
while the anomalous dimension η vanishes. Similarly, for
µ ≤ 0, we find G(q, iω)−1 = iω + µ − q2/2m and the
critical exponent associated with the correlation length
ξ = |2mµ|−1/2 takes the value ν = 1/2. The value of
the renormalized interaction gR at the QCP is given by
the T matrix in vacuum (using again the fact that the
ground state is the vacuum). In the low-energy limit, it
takes the value 4pia3/m in three dimensions, but vanishes
logarithmically in two dimensions (see Eq. (14) below).
4The same analysis holds for bosons moving in a lattice.
In the vacuum, the single-particle Green function is given
by
G(q, iω) = (iω + µ+ 2dt− q)−1, (12)
where q is the dispersion of the free bosons [Eq. (9)].
The T = 0 QCP between the vacuum and the superfluid
phase is now located at µc = −2dt and the elementary
excitations have an effective mass m = 1/2tl2. As in the
continuum model, the renormalized value gR of the inter-
action (i.e. the T matrix in vacuum) can be expressed in
terms in of the scattering length ad of the bosons moving
in the lattice [27].
B. RG approach
The preceding results can be formulated in the lan-
guage of the RG. In the Wilson formulation, a RG trans-
formation consists in integrating out “fast” modes with
momenta between Λ and Λ/s (s > 1), and rescaling fields,
momenta and frequencies in order to restore the original
value of the cutoff Λ. This yields an effective Hamiltonian
for the “slow” modes with a renormalized interaction con-
stant g(s) [28]. At the QCP µ = T = 0, there is no
renormalization of the quadratic part of the Hamiltonian,
in agreement with the fact that Eq. (11) is exact. The
dimensionless interaction constant g˜(s) = 2mΛd−2g(s)
satisfies the RG equation
s
dg˜(s)
ds
= (2− d)g˜(s)− Kd
2
g˜(s)2, (13)
where Kd = [2
d−1pid/2Γ(d/2)]−1. Above the upper crit-
ical dimension d+c = 2, g˜(s) vanishes for s → ∞ and
the only fixed point of Eq. (13) is the Gaussian fixed
point g˜ = 0, which therefore governs the quantum phase
transition between the vacuum and the superfluid phase.
From (13), we obtain
g˜(s) =

8piΛa3
s
if d = 3,
− 4pi
ln
(
Λa2
2s
)
+ C
if d = 2,
(14)
where the result for d = 3 holds for s 1.
There are two relevant perturbations about the Gaus-
sian fixed point µ = T = g˜ = 0: the chemical poten-
tial and the temperature. In a RG transformation, they
transform as
T˜ (s) = szT˜ , µ˜(s) = s1/ν µ˜, (15)
near the QCP (i.e. when |µ˜(s)| . 1 and T˜ (s) . 1). We
have introduced the dimensionless variables [29]
T˜ =
2mT
Λz
, µ˜ =
2mµ
Λ1/ν
. (16)
FIG. 1. (Color online) Phase diagram of the dilute Bose gas
(d ≥ 2). The dashed lines are defined by |µ| ∼ T and the
solid one corresponds to the superfluid transition (of BKT
type when d = 2). The shaded area corresponds to the high-
energy region |µ|, T & Λ2/2m where the thermodynamics is
not universal. The value of the ultraviolet momentum cutoff Λ
is discussed in Sec. II for a three- and a quasi-two-dimensional
Bose gas.
Note that in the low-temperature regime where this
analysis based on the effective Hamiltonian (3) is valid,
|µ˜|  1 and T˜  1 (see Sec. II). When µ and T are
nonzero, the RG equation for g˜(s) is well approximated
by (13) or (14) as long as |µ˜(s)| . 1 and T˜ (s) . 1. We
can obtain a rough sketch of the phase diagram by not-
ing that the low-energy behavior of the system depends
on which of the conditions |µ˜(s)| ∼ 1 and T˜ (s) ∼ 1 is
reached first. This yields two crossover lines defined by
|µ˜| ∼ T˜ , i.e. |µ| ∼ T using z = 1/ν = 2, in agree-
ment with the generic phase diagram of a system near a
quantum critical point (see Fig. 1) [2]. For µ < 0 and
|µ|  T , the system behaves as a dilute classical gas and
we expect a classical Boltzmann description to apply (see
Sec. IV). The condition |µ|  T defines the quantum crit-
ical regime where the physics is controlled by the QCP
µ = T = 0 and its thermal excitations [2].
C. Universal thermodynamics
Let us now consider the dimensionless pressure [29]
P˜ (µ˜, T˜ , g˜) =
2m
Λd+z
P (µ, T ), (17)
expressed in terms of the dimensionless variables T˜ , µ˜
and g˜ (note that P˜ has no explicit dependence on the
ultraviolet cutoff Λ). In a RG transformation, P˜ trans-
forms as
P˜ (µ˜, T˜ , g˜) = s−d−zP˜ (s1/ν µ˜, szT˜ , g˜(s)), (18)
provided that T˜ (s)  1 and |µ˜(s)|  1. Equation (18)
holds for the full pressure since the vanishing of P when
µ ≤ 0 and T = 0 implies that P has no regular part at
the transition. Only the two-body interaction constant g˜
is taken into account. Higher-order interactions (which
5are inevitably generated in the RG procedure), such as
the three-body term, are not considered here since they
are irrelevant and give rise to subleading contributions to
the pressure [30, 31]
Setting s = T˜−1/z in Eq. (18), we obtain
P˜ (µ˜, T˜ , g˜) =
T˜ d/z+1
(4pi)d/2
Fd
(
µ˜
T˜ 1/νz
, g˜(T˜ )
)
, (19)
where we use the notation g˜(T˜ ) for g˜(s = T˜−1/z). Going
back to dimensionful variables and setting z = 1/ν =
2, we finally obtain Eq. (1) where the energy-dependent
interaction constant
g˜() =

8pi
√
2ma23 if d = 3,
− 4pi
ln
(
1
2
√
2ma22
)
+ C
if d = 2, (20)
is obtained from (14) with s = ˜−1/2 and ˜ = 2m/Λ2.
We stress that Fd is a universal scaling function charac-
teristic of the d-dimensional dilute Bose gas universality
class (the factor 1/(4pi)d/2 in (19) is introduced for later
convenience); it is independent of microscopic parame-
ters such as the mass m of the bosons or the scattering
length ad which depend on the system considered.
Using Eq. (1), we can write any thermodynamic quan-
tity in a scaling form. For instance, the density D =
∂P/∂µ and the entropy per unit volume s = ∂P/∂T read
D(µ, T ) =
(
mT
2pi
)d/2
F (1,0)d
(µ
T
, g˜(T )
)
, (21)
and
s(µ, T ) =
(
mT
2pi
)d/2 [(
d
2
+ 1
)
Fd
(µ
T
, g˜(T )
)
− µ
T
F (1,0)d
(µ
T
, g˜(T )
)
+ T g˜′(T )F (0,1)d
(µ
T
, g˜(T )
)]
,
(22)
where F (1,0)d (x, y) ≡ ∂xFd(x, y), F (0,1)d (x, y) ≡
∂yFd(x, y), and g˜′(T ) = dg˜/dT . Since T g˜′(T ) = d−22 g˜(T )
for d > 2 and T g˜′(T ) = g˜(T )2/8pi for d = 2, s(µ, T ) is a
function of µ/T and g˜(T ) (up to the factor (mT )d/2).
One often introduces the so-called phase-space pres-
sure and phase-space density,
P(µ, T ) = P (µ, T )λ
d
dB
T
= Fd
(µ
T
, g˜(T )
)
,
D(µ, T ) = D(µ, T )λddB = F (1,0)d
(µ
T
, g˜(T )
)
,
(23)
where λdB =
√
2pi/mT is the thermal de Broglie wave-
length. P and D provides a direct measure of the scaling
function Fd and its derivative F (1,0)d . One can also con-
sider the entropy per particle S = D−1∂P/∂T ,
S(µ, T ) = −µ
T
+
(
d
2
+ 1
) Fd
F (1,0)d
+ T g˜′(T )
F (0,1)d
F (1,0)d
, (24)
where we use the shorthand notation Fd ≡
Fd(µ/T, g˜(T )), etc. Note that S(µ, T ) is also a
universal function of µ/T and g˜(T ) (see the remark
about T g˜′(T ) following Eq. (22)).
At zero temperature, the scaling function Fd can be
computed in perturbation theory. The one-loop correc-
tion to the mean-field result gives
P (µ, 0) = Θ(µ)
mµ2
8pia3
(
1− 64
15pi
√
ma23µ
)
(25)
in three dimensions (the one-loop correction is known as
the Lee-Huang-Yang correction [1]), and
P (µ, 0) = −Θ(µ)mµ
2
4pi
[
ln
(
1
2
√
ma22µ
)
+ C +
1
4
]
(26)
in two dimensions, where Θ denotes the step func-
tion [33–35]. These results can be cast in the scaling
form
P (µ, T ) =
(m
2pi
)d/2
µd/2+1Gd
(
T
µ
, g˜(µ)
)
, (27)
which is equivalent to Eq. (1) but more appropriate to
the zero-temperature limit [36].
At finite temperature, the determination of the scal-
ing function F2 (or G2) is difficult in two dimensions, in
particular in the quantum critical regime |µ|  T . In
the following section, we discuss the scaling function F2
obtained from the NPRG approach.
IV. SCALING FUNCTION F OF A
TWO-DIMENSIONAL BOSE GAS
The NPRG approach has recently been used to un-
derstand the physics of a Bose gas beyond the Bogoli-
ubov approximation [37–42], but the computation of the
scaling function Fd has not been carried out except for
the Lee-Huang-correction in a zero-temperature three-
dimensional Bose gas [40]. Here we discuss the NPRG
results for the scaling function F ≡ F2 which determines
the thermodynamics of a two-dimensional Bose gas. We
use both the standard version of the NPRG as well as
its lattice version [27, 43] to directly study the Bose-
Hubbard model. The NPRG approach is briefly reviewed
in Appendix A. Our results are based on the numerical
solution of the NPRG equations as well as analytical re-
sults in some limits, in particular for µ = 0 (see Ap-
pendix B).
A. F(x, y) vs x (y fixed)
We first discuss the x dependence of F(x, y) for fixed
y. Figure 2 shows the phase-space pressure P = F
[Eqs. (23)] as a function of µ/T for g˜(T ) = 0.22 and
g˜(T ) = 5. We can verify that the scaling form (1)
67
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ! T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
-2 0 2 40
50
100
150
µ/T
P
FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
FIG. 2. (Color online) Phase-space pressure P(µ, T ) vs
µ/T at fixed g˜(T ). The upper symbols are obtained for
g˜(T ) = 0.22 with T = 0.1Λ2/2m and 2m = 1. (Red)
squares: (T, g,m,Λ), (black) dots: (T/2, g,m,Λ), (orange)
diamonds: (T, 2g,m/2,Λ). The lower symbols are obtained
for g˜(T ) = 5. (Blue) triangles: (T, g,m,Λ), (green) trian-
gles: (T/2, g,m,Λ/
√
2), (purple) triangles: (2T, 2g,m/2,Λ).
The solid lines are guides to the eyes. (µ/T )BKT at the BKT
transition is given in table I.
g˜(T ) 0.1 0.22 0.5 1
(µ/T )BKT 0.08 0.15 0.29 0.51
(µ/T )BKT (Ref. [10]) 0.09 0.17 0.31 0.51
TABLE I. (µ/T )BKT at the BKT transition for various various
values of g˜(T ) . 1 as obtained from the NPRG (Sec. VI) and
Monte Carlo simulations [10].
holds by computing P for various sets of parameters
(T, g,m,Λ). For the case g˜(T ) = 0.22, we choose
the value g˜ = 0.22 for the bare interaction constant,
so that the system is in the weak-coupling limit and
g˜(T ) ' 0.22 nearly temperature independent (see the
discussion below). We find that the three sets of pa-
rameters (T, g,m,Λ), (T/2, g,m,Λ) and (T, 2g,m/2,Λ)
(with T = 0.1Λ2/2m and 2m = 1) yield the same
results for the phase-space pressure P in agreement
with the expected scale invariance at weak coupling:
F(µ/T, g˜(T )) = F(µ/T, g˜). In the case g˜(T ) = 5,
the results obtained for the three sets of parameters
(T, g,m,Λ), (T/2, g,m,Λ/
√
2) and (2T, 2g,m/2,Λ) also
collapse on a single curve corresponding to the scaling
function F(x, y) (with y ≡ g˜(T ) fixed). In this case one
must change simultaneously at least two parameters to
keep g˜(T ) unchanged. In table I we indicate the value
of (µ/T )BKT at the BKT transition for various values of
g˜(T ) . 1 as obtained from the NPRG (Sec. VI) and
Monte Carlo simulations [10]. Note that neither our
method nor the Monte Carlo simulations gives a reli-
able estimate of (µ/T )BKT in the strong-coupling limit
g˜(T ) & 1.
Figure 3 shows the phase-space pressure P = F , the
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bot om). circles are theor tical predictions for µ￿ T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
nd Λ → Λ/√2 (g˜ T ) = 5 because Tma2 = const) ( reen
triangle); m → /2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the sa e g˜(T ), fro top to bottom, respectively.
The inset sho s that for T 3t the system is very ‘out of
universalit ’ (t e tri les do not agree with the continu m),
whereas l te erature (for instance T = 0. 1t)
the ho l ttice system agre .
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
FIG. 2. (Color onli e) Phase-space pressure P(µ, T ) vs
µ/T at fixed g˜(T ). The upper curve is obtained for
g˜(T ) = 0.22 with T = 0.1Λ2/2m and 2m = 1. (Red)
squares: (T, g,m,Λ), (black) dots: (T/2, g,m,Λ), (orange)
diamonds: (T, 2g,m/2,Λ). The lower curve is obtained for
g˜(T ) = 5. (Blue) triangles: (T, g,m,Λ), (green) triangles:
(T/2, g,m,Λ/
√
2), (purple) triangles: (T, 2g,m/2,Λ). The
solid lines are guides to the eyes.
A. F(x, y) vs x (y fixed)
We first discuss the x dependence of F(x, y) for fixed
y. Figure 2 shows the phase-space pressure P = F
[Eqs. (24)] as a function of µ/T for g˜(T ) = 0.22 and
g˜(T ) = 5. We can verify that the scaling form (1)
holds by computing P for various sets of parameters
(T, g,m,Λ). For the case g˜(T ) = 0.22, we choose
the value g˜ = 0.22 for the bare interaction constant,
so that the system is in the weak-coupling limit and
g˜(T ) ￿ 0.22 nearly temperature independent (see the
discussion below). We find that the three sets of pa-
rameters, (T, g,m,Λ), (T/2, g,m,Λ) and (T, 2g,m/2,Λ)
(with T = 0.1Λ2/2m and 2m = 1), yield the same
results for the phase-space pressure P in agreement
with the expected scale invariance at weak coupling:
F(µ/T, g˜(T )) = F(µ/T, g˜). In the case g˜(T ) = 5,
the results obtained for the three sets of parameters,
(T, g,m,Λ), (T/2, g,m,Λ/
√
2) and (2T, 2g,m/2,Λ), also
collapse on a single curve corresponding to the scaling
function F(x, y) (with y ≡ g˜(T ) fixed). Note that in
this case one must change simultaneously at least two
parameters to keep g˜(T ) unchanged.
Figure 3 shows the phase-space pressure P = F , the
phase-space density D = F (1,0) and the entropy per par-
ticle S(µ, T ) as a function of µ/T for various values of
g˜(T ) [Eqs. (24-25)]. At large and negative chemical po-
tential (|µ|/T ￿ 1), we find that the system behaves as
a classical dilute gas,
P(µ, T ) = D(µ, T ) = e−|µ|/T ,
S(µ, T ) = 2− µ
T
,
(29)
which implies
F(x, y) = ex for x < 0 and |x|￿ 1. (30)
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FIG. 4. Scaled occupation D¯ at the critical point (δµ = 0) as a
function of the normalized temperature T/t from experimen-
tal data (figure 3 of [8]) (Black circle) and NPRG calculation
of a 2D lattice Bose gas with t/U = 0.16. green : scaling
function
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FIG. 5. Scaling function of the entropy per particle at δµ = 0,
S¯, vs g˜ = −4π/(ln(￿T a˜22D/4t) + C) from experiments [8]
(black circles) and [7] (green circle) and from NPRG calcula-
tion of a D Bose gas (red line). The inset is a loglog scale,
with a fit 1.5g˜0.184 (dashed blue line), in very good greement
with the fit used in [8] on the interval probes by the exper-
iments. ( here is a factor 2 between our definition of g˜ and
that of [8] and [7].)
In order to compare the measurement near the
vacuum-superfluid critical point, the microscopic physics
has to be taken into account, via the introduction of
the scattering length. Therefore, if one plots P¯, D¯
or S as function of g˜ = −4π/(ln(￿T a˜22D/4t) + C) =
−4π/(ln(￿T 2mΛ2a22D/2)+C), for a given µ/T , then all
the curves must collapse n each other. Figure 5 shows
the scaling function of S at µ = 0 vs g˜, as well as the
measurement of the Chicago gr p bo h with and with-
out lattice [1, 8]. The inset is in loglog scale, showing
that th empirical fit used in [8] is a nice approxima-
tion of t e scaling function in the regime attained in the
experiments.
Figure 6 shows the scaling functions of P¯ and D¯ for
µ = 0 as function of g˜. We compute in Appendix the
behavior of the scaling functions.
These scaling functions were computed using an NPRG
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FIG. 6. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4π/(l (￿Ta22D/4t)+C) from NPRG
(lin s). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)) whereas the green triangle corr spond
to th measuremen of P¯ from [7]. D¯ goes as − ln(g˜) for small
g˜ (inset ?).
-4 -2 0
0.1
1
10
-2 0 2 40
25
50
75
100
µ/T
P
FIG. 7. Scaling function P for g˜(T ) = 0.1, .5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ￿ T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
calculation in the continuum, as it is eas er to get ride
of the lattice effects. In any case, one can show that the
scaling functions computed on the lattice do collapse as
they should.
CONCLUSION
NPRG
Calculation of the scaling function at µ = 0
refaire avec t plutot ?
In this appendix, we compute the scaling functions at
µ = 0 and compare them to the results from [11]. We use
here the model of lattice bosons. Because the quantum
critical regime exists only for T ￿ t, the dispersion will
be approximate .
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ￿ T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ￿ T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
FIG. 3. (Color online) Phase-space pressure P(µ, T ), phase-
space density D(µ, T ) and entropy per particle S(µ, T ) vs
µ/T . From top to bottom, the curves correspond to g˜(T ) =
0.1, 0.5, 1, 3, 5 for P, and g˜(T ) = 0.5, 1, 3, 5 for D and S. The
dots show the limiting behavior (31) valid for µ￿ T and the
diamonds the classical gas result (29).
In the opposite limit of a large positive chemical potential
(µ/T ￿ 1), the pressure can be approximated by its zero-
temperature limit. Using the expression (27), we obtain
P(µ, T ) =
￿ µ
T
￿2￿ 2π
g˜(µ)
− 1
8
￿
,
D(µ, T ) = µ
T
￿
4π
g˜(µ)
− 1
2
￿
,
S(µ, T ) = 0,
(31)
i.e.
G(x, y) = x2
￿
2π
y
− 1
8
￿
for x￿ 1, (32)
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ! T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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I . 10. as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ 0.1Λ2/2 (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/ 2 (circle); /2, 2mg0 = 0.22, T = T
∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ! T , Eq
(16). inset is a semilog plot where diamonds is the asy ptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/1 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree wit the continuum),
whereas at low enough temera ure (for instance T = 0.01t)
the homogenuous nd lattice system agre .
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
FIG. 3. (Color online) Phase-space pressure P(µ, T ), phase-
space density D(µ, T ) and entropy per particle S(µ, T ) vs
µ/T . From top to bott m, the curves correspond to g˜(T ) =
0.1, 0.5, 1, 3, 5 for P, g˜(T ) = 0.5, 1, 3, 5 for D, and g˜(T ) =
0.1, 0.5, 1 for S. The dots show the limiting behavior (30)
valid for µ T and the diamonds the classical gas result (28).
[For numerical reasons, it is difficult to compute the entropy
when g˜(T ) & 1.]
phase-space d nsity D = F (1,0) and the entropy p r par-
ticle S(µ, T ) as a function of µ/T for various values of
g˜(T ) [Eqs. (23-24)]. At large and negative chemical po-
tential (|µ|/T  1), we find that the system behaves as
a classical dilute gas,
P(µ, T ) = D(µ, T ) = e−|µ|/T ,
S(µ, T ) = 2− µ
T
,
(28)
which implies
F(x, y) = ex for x < 0 and | |  1. ( 9)
In the opposite limit of a large positive chemical potential
(µ/T  1), the pressure can be approximated by its zero-
7temperature limit. Using the expression (26), we obtain
P(µ, T ) =
(µ
T
)2( 2pi
g˜(µ)
+
1
4
ln 2− 1
8
)
,
D(µ, T ) = µ
T
(
4pi
g˜(µ)
+
1
2
ln 2− 1
2
)
,
S(µ, T ) = 0,
(30)
i.e.
G(x, y) =
(
2pi
y
+
1
4
ln 2− 1
8
)
for x 1, (31)
where G ≡ G2 is the scaling function defined in Eq. (27)
(x ≡ T/µ) [36]. Without the additive constants −1/8 +
(ln 2)/4 and −1/2 + (ln 2)/2, Eqs. (30) coincide with the
mean-field result assuming an effective interaction con-
stant g(µ). These constants can be omitted in the weak-
coupling limit g˜(µ) 1. As pointed out in Refs. [9, 10],
in the weak-coupling limit – where the BKT transition
temperature TBKT can be easily determined (see Sec. VI)
– the approximation (31) remains remarkably accurate all
the way down to the transition point (µ/T )BKT. We also
observe that the limiting behaviors (28,29) and (30,31)
are very well satisfied not only in the weak-coupling
limit [9, 10] but also in the strong-coupling limit where
g˜(T ) & 1 (see Fig. 3).
The crossover regime |µ|  T is more difficult to ana-
lyze in simple terms, and a full numerical solution of the
RG equations is necessary (see however Sec. IV B and
Appendix B for an analytical solution in the case µ = 0).
In the weak-coupling limit g˜ = 2mg  1, the scatter-
ing length a2 is exponentially small. This implies that the
renormalized interaction constant g˜(T ) ' g˜ is nearly tem-
perature independent except for exponentially small tem-
peratures (which are experimentally unreachable) [44]. It
follows that the phase-space pressure and density and the
entropy per particle,
P(µ, T ) = F
(µ
T
, g˜
)
,
D(µ, T ) = F (1,0)
(µ
T
, g˜
)
,
S(µ, T ) = 2P(µ, T )D(µ, T ) −
µ
T
,
(32)
can be considered as functions of µ/T only, with the
microscopic interaction constant g˜ entering the scaling
function F as a parameter. The equation of state then
exhibits an approximate scale invariance (with no char-
acteristic energy scales other than µ and T ) [9, 10].
B. F(0, y) vs y
The limit |x|  1 is particularly interesting as it cor-
responds to the quantum critical regime. In this section,
we discuss the function F(0, y). Figure 4 shows P(0, T ),
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FIG. 4. Scaled occupation D¯ at the critical point (δµ = 0) as a
function of the normalized temperature T/t from experimen-
tal data (figure 3 of [8]) (Black circle) and NPRG calculation
of a 2D lattice Bose gas with t/U = 0.16. green : scaling
function
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FIG. 5. Scaling function of the entropy per particle at δµ = 0,
S¯, vs g˜ = −4pi/(ln(√T a˜22D/4t) + C) from experiments [8]
(black circles) and [7] (green circle) and from NPRG calcula-
tion of a 2D Bose gas (red line). The inset is a loglog scale,
with a fit 1.5g˜0.184 (dashed blue line), in very good agreement
with the fit used in [8] on the interval probes by the exper-
iments. (There i a factor 2 b tween our d finition of g˜ and
that of [8] and [7].)
In order to compare the measurement near the
v cuum-superfluid critical point, the micros opic physics
h s t be taken into account, via the introduction of
th sc tering length. Therefore, if one plots P¯, D¯
or S as func on of g˜ = −4pi/(ln(√T a˜22D/4t) + C) =
−4pi/(ln(√T 2mΛ2a22D/2)+C), for a given µ/T , t en all
the curves must collapse on each other. Figure 5 shows
the scaling function of S at µ = 0 vs g˜, as well as the
measurement of the Chicago group both with and with-
out lattice [1, 8]. The inset is in loglog scale, showing
that the empirical fit used in [8] is a nice approxima-
tion of the scaling function in the regime attained in the
xperiments.
Figure 8 shows the scaling functions of P¯ and D¯ for
µ = 0 as function of g˜. We compute in Appendix the
behavior of the scaling functions.
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FIG. 6. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)) whereas the green triangle correspond
to the measurement of P¯ from [7]. D¯ goes as − ln(g˜) for small
g˜ (inset ?).
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FIG. 7. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of P¯ ([8]
(black) and [7] (green)).
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FIG. 8. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)). D¯ goes as − ln(g˜) for small g˜ (inset
?).
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S¯, vs g˜ = −4pi/(ln(√T a˜22D/4t) + C) from experiments [8]
(black circles) and [7] (green circle) and from NPRG calcula-
tion of a 2D Bose gas (red line). The inset is a loglog scale,
with a fit 1.5g˜0.184 (dashed blue line), in very good agreement
with the fit used in [8] on the interval probes by the exper-
iments. (There is a factor 2 between our definition of g˜ and
that of [8] and [7].)
In order to compare the measurement near the
vacuum-superfluid critical point, the microscopic physics
has to be taken into account, via the introduction of
the scattering length. Therefore, if one plots P¯, D¯
or S as function of g˜ = −4pi/(ln(√T a˜22D/4t) + C) =
−4pi/(ln(√T 2mΛ2a22D/2)+C), for a given µ/T , then all
the curves must collapse on each other. Figure 5 shows
the scaling function of S at µ = 0 vs g˜, as well as the
measurement of the Chic go group bot with and with-
ou lattice [1, 8]. The inset is in loglog scale, showing
that the mpirical fit used in [8] is a nice approxima-
tion of the scaling fu c ion in the regime attained in the
experiments.
Figure 8 shows th scaling functions of P¯ and D¯ for
µ = 0 as function of g˜. We comp te in Appendix the
behavior of the scaling functions.
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g˜ (inset ?).
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FIG. 5. Scaling function of the entropy per particle at δµ = 0,
S¯, vs g˜ = −4pi/(ln(√T a˜22D/4t) + C) from experiments [8]
(black circles) and [7] (green circle) and from NPRG calcula-
tion of a 2D Bose gas (red line). The inset is a loglog scale,
with a fit 1.5g˜0.184 (dashed blue line), in very good agreement
with the fit used in [8] on the interval probes by the exper-
iments. (There is a factor 2 between our definition of g˜ and
that of [8] and [7].)
In order to compare the measurement near the
vacuum-superfluid critical point, the microscopic physics
has to be taken into account, via the introduction of
the scattering length. Therefore, if one plots P¯, D¯
or S as function of g˜ = −4pi/(ln(√T a˜22D/4t) + C) =
−4pi/(ln(√T 2mΛ2a22D/2)+C), for a given µ/T , then all
the curves must collapse on each other. Figure 5 shows
the scaling function of S at µ = 0 vs g˜, as well as the
measurement of the Chicago group both with and with-
out lattice [1, 8]. The inset is in loglog scale, showing
that the empirical fit used in [8] is a nice approxima-
tion of the scaling function in the regime attained in the
experiments.
Figure 8 shows the scaling functions of P¯ and D¯ for
µ = 0 as function of g˜. We compute in Appendix the
behavior of the scaling functions.
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(lines). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)) whereas the green triangle correspond
to the measurement of P¯ from [7]. D¯ goes as − ln(g˜) for small
g˜ (inset ?).
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FIG. 8. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)). D¯ goes as − ln(g˜) for small g˜ (inset
?).
FIG. 4. (Color online) Phase-space pressure P(0, T ), phase-
space density D(0, T ) and entropy per particle S(0, T ) vs
g˜(T ). The symbols show the the data of the ENS, Chicago
I and Chicago II (with µ = µc) experiments [18–20] (see
Sec. V).
D(0, T ) and S(0, T ) as a function of g˜(T ). We show in
Appendix B that
P(0, T ) ≡ F(0, g˜(T )) ' pi
2
6
− g˜(T )
2pi
ln2
(
2pi
g˜(T )
)
(33)
for g˜(T )→ 0. The result limT→0 P(0, T ) = pi2/6 is exact.
Experimentally, h wever, this limiting behavior cannot
be observed due to the logarithmic temperature depen-
dence of g˜(T ). In the weak-coupling limit, g˜(T ) = g˜
is nearly temperature independent, and the phase-space
pressure takes the form
P(0, T ) = F(0, g˜), (34)
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FIG. 14. g˜(T ) as a function of T/t for U/t = 0.22 on the lat-
tice (red) and the equivalent for the continuum. Inset shows
the 1/log(T ) behavior. g˜ is almost invariant when the tem-
perature is changed.
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FIG. 15. P as functions of T/t on the lattice (blue) and in
the continuum (red) and system with a flat density of state
DOS(E) = 1/4πt for 0 < E < 8t (green) for t/U = 0.16.
The NPRG flow equations for the gap δk and the in-
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FIG. 16. D (bottom line) and S (top line) at µ = 0 as func-
tions of T/t on the lattice for t/U = 0.16. dashed lines are
the continuum equivalent.
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FIG. 17. P , D and S at µ = 0 as functions of T/t on the
lattice for t/U = 0.16.
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FIG. 18. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2πµ/(g˜(µ) ln(26/g˜(µ)).
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FIG. 19. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2π.
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ￿ T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
FIG. 5. (Color online) (Red) solid lines: dimensionless inter-
action constant g˜BH(T ) in the two-dimensional Bose-Hubbard
mod l for U/t = 0.22 (top) and U/t = 6.25 (bottom) (note the
different scales on the vertical axes). The (blue) dash-dotted
lines show the universal limit g˜(T ).
well approximated by its universal limit g˜(T ) [Eq. (21)]
for T ￿ 8t (see insets in Fig. 5).
Figure 6 shows the phase-space pressure P(µc, T ) vs
T/t for U/t = 6.25 and µ = µc = −4t. W observe a
maximum around T/t ∼ 2.5 due to the enhanced den-
sity of states of the square lattice near the band cen-
ter [43]. This maximum disappears if we consider a flat
density of states in the energy window [0, 8t]. Comparing
P(µc, T ) and F(0, g˜(T )) (with g˜(T ) the universal limit
of g˜BH(T ) discussed above), we see that stricto sensu
the universal limit (where P(µc, T ) becomes a univer-
sal function of ma22T ) is reached only at very low tem-
peratures T ￿ t/10. On the other hand, the variation
of P(µc, T ) for t/10 ￿ T ￿ 12t is rather weak and
the pressure P (µc, T ) = (mT
2/2π)P(µc, T ) will approxi-
mately vary quadratically with T . The phase-space den-
sity D(µc, T ) and entropy per particle S(µc, T ) are shown
in Fig. 7. The low-temperature regime where D(µc, T )
and S(µc, T ) coincide with their universal limits is not
shown.
Figure 8 shows the phase-space pressure P(µ, T ) ver-
sus δµ/T for U/t = 0.22 and U/t = 6.25 (δµ = µ − µc),
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the 1/log(T ) behavior. g˜ is almost invariant when the tem-
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FIG. 15. P as functions of T/t on the lattice (blue) and in
the continuum (red) and system with a flat density of state
DOS(E) = 1/4πt for 0 < E < 8t (green) for t/U = 0.16.
The NPRG flow equations for the gap δk and the in-
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FIG. 16. D (bottom line) and S (top line) at µ = 0 as func-
tions of T/t on the lattice for t/U = 0.16. dashed lines are
the continuum equivalent.
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FIG. 17. P , D and S at µ = 0 as functions of T/t on the
lattice for t/U = 0.16.
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FIG. 18. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2πµ/(g˜(µ) ln(26/g˜(µ)).
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FIG. 19. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2π.
FIG. 6. (Color online) Phase-space pressure P(µc, T ) vs T/t
for U/t = 6.25. The (green) dashed line shows the result
obtained for a flat density of states in the energy window
[0, 8t]. The (blue) dash-dotted line shows the universal limit
F(0, g˜(T )).
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FIG. 16. D (bottom line) and S (top line) at µ = 0 as func-
tions of T/t on the lattice for t/U = 0.16. dashed lines are
the continuum equivalent.
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FIG. 18. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2πµ/(g˜(µ) ln(26/g˜(µ)).
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FIG. 19. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2π.
FIG. 7. (Color online) Phase-space density D(µc, T ) ((red)
solid line) and entropy per particle S(µc, T ) ((blue) dash-
dotted line) vs T/t for U/t = 6.25. The (green) dashed lines
show the corresponding universal limits.
and various temperatures ranging from t/100 to 3t. In
the weak-coupli g limit U/t = 0.22, g˜BH(T ) = U/t
is nearly temperature independent in the temperature
range [t/100, 3t] (see Fig. 5). At very low temperatures,
we obtain a perfect agreement between P(µ, T ) and the
universal scaling function F(δµ/T, g˜) (with g˜ = 0.22).
At higher temperatures, when T ￿ t/10, we observe that
P(µ, T ) slightly deviates from F(δµ/T, g˜), in particular
for large values of µ. This agrees with the previous ob-
servation that P(µc, T ) reaches the universal limit only
for T ￿ t/10 (see Fig. 6). For U/t = 6.25, we again find
a good agreement between P(µ, T ) and F(δµ/T, g˜(T ))
at low temperatures and small chemical potential δµ (al-
though deviations are already visible for T = t/100 and
δµ/T ∼ 0.4), but deviations are clearly visible at higher
temperatures or larger values of δµ/T .
The phase-space pressure P(µc, T ), phase-space den-
sity D(µc, T ) and entropy per particle S(µc, T ) vs g˜(T )
are shown in Fig. 9 for U/t = 6.25. The maximum around
7
-4 -2 0
0.1
1
-2 0 2 40
20
40
60
µ/T
D
FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ! T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (from
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (˜(T ) = 5 because
Tma2 = const) purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly whe T/t
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FIG. 5. (Color online) (Red) solid lines: dimensionless inter-
action constant g˜BH(T ) in the two-dimensional Bose-Hubbard
model for U/t = 0.22 (top) and U/t = 6.25 (bottom) (note the
differe t sc les on he vertical axes). T (blue) dash-dotted
lines show the univers l limit g˜(T ).
where F(0, g˜) ≤ limy→0 F(0, y) = pi2/6. In the strong-
coupling limit, P(0, T ) exhibits a weak temperature de-
pendence coming from hat of g˜(T ), but again reaching
the limiting value limT→0 P(0, T ) = pi2/6 requires ex-
tremely small (unrealistic) temperature .
C. Thermodynamics of the Bose-Hubbard model
In this section we discuss the results obtained in the
two-dimensional Bose-Hubbard model [Eq. (8)] using
the lattice version of the NPRG [27, 43]. The energy-
dependent interaction constant is defined by
gBH() =
U
1 + UΠ()
, (35)
with
Π() = l2
ˆ
d2q
(2pi)2
1
2(q + )
, (36)
where q is t e lat ic disp r ion of the boson [Eq. (9)].
This definition, which is also that used in Ref. [20],
is justified in Appendix C. In the low-energy limit
 → 0, it coincides with the universal form l−2g()
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FIG. 15. P as functions of T/t on lattice (blue) and in
the continuum (red) and system with a flat density of state
DOS(E) = 1/4pit for 0 < E < 8t (green) for t/U = 0.16.
The NPRG flow equations for the gap δk and the in-
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FIG. 16. D (bottom line) and S (top line) at µ = 0 as func-
tions of T/t on the lattice for t/U = 0.16. dashed lines are
the continuum equivalen .
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FIG. 18. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov form la TKT = 2piµ/(g˜(µ) ln(26/g˜(µ)).
teraction λk are :
∂lδk =λk∂˜l
∫
q
Coth(
$q +Rk(q) + δk
2T
),
∂lλk =− λ
2
k
T
∂˜l
∫
q
{T Coth(
!q+Rk(q)+δk
2T )
2($q +Rk(q) + δk)
+ [Csch(
$q +Rk(q) + δk
2T
)]2},
(24)
These equations are equivalent to that of [11, 12] in the
NPRG formulation. The only difference is the implemen-
tation (the Renormalization Group scheme) which only
differs slightly on the quantitative results, but not on
the behavior of the different quantities as function of the
temperature.
We are interested in the physics at µ = δk=Λ = 0.
During the first part of the flow, $q + Rk(q) =
k2
2m "
T " δk, which implies that the flow is equivalent to the
zero-temperature limit
∂lδk 0,
∂lλk =
mλ2k
2pi
,
(25)
FIG. 6. (Color online) Phase-space pressure P(µc, T ) vs T/t
for U/t = 6.25. The (green) dashed line shows the result ob-
tained for a flat density of states (DOS) in the energy w ndow
[0, 8t]. The (blue) dash-dotted line shows the universal limit
F(0, g˜(T )).
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FIG. 21. P as functi ns of T/t on the lattice (blue) and in
the continuum (red) and system with a flat density of state
DOS(E) = 1/4pit for 0 < E < 8t (green) for t/U = 0.16.
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FIG. 22. D (bottom line) and S (top line) at µ = 0 as func-
tions of T/t on the lattice for t/U 0.16. dashed li es are
the continuum equivalent.
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Calculation of the scaling function at µ = 0
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FIG. 23. Compressibility κ at µ = 0 as functions of T/t on
the lattice for t/U = 0.16. dashed line is the universal limit.
It diverges as T → 0 (not shown because difficult to compute)
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FIG. 24. P , D and S at µ = 0 as functions of T/t on the
lattice for t/U = 0.16.
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FIG. 25. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2piµ/(g˜(µ) ln(26/g˜(µ)).
In this appendix, we compute the scaling functions at
µ = 0 and compare them to the results from [11]. We use
here the model of lattice bosons. Because the quantum
critical regime exists only for T ! t, the dispersion will
be approximate .
The NPRG flow equations for the gap δk and the in-
teraction λk are :
∂lδk =λk∂˜l
∫
q
Coth(
$q +Rk(q) + δk
2T
),
∂lλk =− λ
2
k
T
∂˜l
∫
q
{T Coth(
!q+Rk(q)+δk
2T )
2($q +Rk(q) + δk)
+ [Csch(
$q +Rk(q) + δk
2T
)]2},
(24)
These equations are equivalent to that of [11, 12] in the
NPRG formulation. The only difference is the implemen-
tation (the Renormalization Group scheme) which only
differs slightly on the quantitative results, but not on
the behavior of the different quantities as function of the
temperature.
We are interested in the physics at µ = δk=Λ = 0.
During the first part of the flow, $q + Rk(q) =
k2
2m #
FIG. 7. (Color online) Pressure P (µc, T ) vs T/t for
U/t = 6.25. The (green) dashed line shows the result ob-
tained for a flat density of states i the energy window
[0, 8t]. The (blue) dash-dotted line shows the universal limit
T 2/(4pitl2)F(0, g˜(T )).
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FIG. 15. P as functions of T/t on the lattice (blue) and in
the continuum (red) and system with a flat density of state
DOS(E) = 1/4pit for 0 < E < 8t (green) for t/U = 0.16.
The NPRG flow equations for the gap δk and the in-
0 4 8 2
1
1.5
2
2.5
3
T/t
univ. limit
D(µc, T )
S(µc, T )
FIG. 16. D (bottom line) and S (top line) at µ 0 as func-
tions of T/t on the lattice for t/U = 0.16. dashed lines are
the continuum equivalent.
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FIG. 17. P , D and S at µ = 0 as functions of T/t on the
lattice for t/U = 0.16.
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FIG. 18. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2piµ/(g˜(µ) ln(26/g˜(µ)).
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FIG. 19. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2pi.
FIG. 8. (Color online) Phase-space density D(µc, T ) ((red)
s lid line) and entropy per parti le S(µc, T ) ((blue) dash-
dotted line) vs T/t for U/t = 6.25. The (green) dashed lines
show the corresponding universal limits.
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FIG. 20. Compressibility κ at µ = 0 as functions of T/t on
the lattice for t/U = 0.16. dashed line is the universal limit.
It diverges as T → 0 (not shown because difficult to compute)
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FIG. 21. P , D and S at µ = 0 as functions of T/t on the
lattice for t/U = 0.16.
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FIG. 22. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2piµ/(g˜(µ) ln(26/g˜(µ)).
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FIG. 23. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2pi. dot in
the inset : fit µ/T/g˜ = 0.15635 ∗ ln(1/tg) + 0.46. 0.15635 is
1/2pi within 2% and 0.46 gives ξµ = 18 instead of 13.
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FIG. 24. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2pi.
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FIG. 25. P in strong coupling 2mg0 = 2 for two different
temperatures (Tref = Λ
2/2m).
FIG. 9. (Color on ine) Compressibility κ(µc, T ) vs T/t for
U/t = 6.25. The (green) dashed line shows the corr spond ng
universal limit. (The numerical noise in the NPRG result
follows from taking the second-order derivative of the pressure
with respect to µ.)
[Eq. (20)], obtained from the continuum model with bo-
son mass m = 1/2tl2 and scattering length a2 given
by Eq. (10). The dimensionless interaction constant
g˜BH(T ) = 2ml
2gBH(T ) = gBH(T )/t is shown in Fig. 5
for U/t = 0.22 and U/t = 6.25. In both cases, g˜BH(T ) is
well approximated by its universal limit g˜(T ) [Eq. (20)]
for T . 8t (see insets in Fig. 5).
Figure 6 shows the phase-space pressure P(µc, T ) vs
T/t for U/t = 6.25 and µ = µc = −4t. We observe a
maximum around T/t ∼ 2.5 due to the enhanced den-
sity of states of the square lattice near the band cen-
ter [45]. This maximum disappears if we consider a flat
density of states in the energy window [0, 8t]. Com-
paring P(µc, T ) and F(0, g˜(T )) (with g˜(T ) the universal
limit of g˜BH(T ) discussed above) we see that the univer-
sal limit, where P(µc, T ) becomes a universal function of
ma22T , is reached only at very low temperatures T  t.
The identification of t as the crossover temperature scale
for quantum critical behavior is confirmed by the T de-
pendence of the pressure. For T . t, one finds that
P (µc, T ) = T
2/(4pitl2)P(µc, T ) is well approximated by
the universal limit T 2/(4pitl2)F(0, g˜(T )) (Fig. 7). The
phase-space density D(µc, T ) and entropy per particle
S(µc, T ) are shown in Fig. 8 (the low-temperature regime
where D(µc, T ) and S(µc, T ) coincide with their universal
limits is not shown).
The fact that the universal regime is reached only
at low temperatures can also be seen in the tempera-
ture dependence of the compressibility κ = ∂2P/∂µ2
(Fig. 9). Although it is difficult to numerically com-
pute the second-order derivative of the pressure with re-
spect to µ, our results clearly show that κ(µc, T ) is below
the universal limit (1/4pitl2)F (2,0)(0, g˜(T )). We also note
that while κ(µc, T ) varies weakly with T in the tempera-
ture range [t, 10t], it should eventually diverge as T → 0
(see Eq. (B14) in appendix B). We thus disagree with
the conclusion of Ref. [46] that quantum criticality is ob-
served below a characteristic temperature of the order of
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FIG. 8. Scaling function P for g˜(T ) = 0.5, 1, 3, 5 (from top
to bottom). circles are theoretical predictions for µ! T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 9. S as a function of µ/T for g˜(T ) = 0.5, 1, 3 (f om
bottom to top). diamonds is the asymptoic form for µ < 0,
2− µ/T .
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/100 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
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to bottom). circles are theoretical predictions for µ! T , Eq
(16). inset is a semilog plot where diamonds is the asymptoic
value for µ < 0, exp(µ/T ).
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FIG. 10. P as a function of µ/T for 2mg0 = 0.22 and T =
T ∗ = 0.1Λ2/2m (square); 2mg0 = 0.22, T = T ∗/2 and Λ →
Λ/
√
2 (circle); m → m/2, 2mg0 = 0.22, T = T ∗ (diamond);
T = T ∗ = 0.1Λ2/2m with g˜(T ) = 5 (blue triangle); T = T ∗/2
and Λ → Λ/√2 (g˜(T ) = 5 because Tma2 = const) (green
triangle); m → m/2, g0 → 2g0, T = 2T ∗ (g˜(T ) = 5 because
Tma2 = const) (purple triangle).
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FIG. 11. P on the lattice as a function of µ/T for U/t = 0.22
and T = t/10 (circle); T = t/10 (square); T = t (diamond);
T = 3t (triangle); The black line shows the homogeneous case
with 2mg = 0.22.
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FIG. 12. P as a function of µ/T for t/U = 0.16 and T =
t/100 (circle); T = t/10 (square); T = t (diamond); T =
3t (triangle); The colored lines show P in the homogeneous
case with the same g˜(T ), from top to bottom, respectively.
The inset shows that for T = 3t the system is very ‘out of
universality’ (the triangles do not agree with the continuum),
whereas at low enough temerature (for instance T = 0.01t)
the homogenuous and lattice system agree.
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FIG. 13. g˜(T ) as a function of T/t for t/U = 0.16 on the
lattice (red) and the equivalent for the continuum. Inset
shows the 1/log(T ) behavior. g˜ varies significantly when T/t
is deacresed (but still logarithmicaly).
FIG. 10. (Color online) Phase-space pressure P(µ, T ) vs δµ/T
for U/t = 0.22 (top) and U/t = 6.25 (bottom). T/t = 1/100
(circles), 1/10 (squares), 1 (diamonds) and 3 (triangles). The
solid lines correspond to F(δµ/T, g˜(T )). For t/U = 0.22,
µ/T ' 0.15 at the BKT transition (see table I and Sec. VI).
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FIG. 15. P as functions of T/t on the lattice (blue) and in
the continuum (red) and system with a flat density of state
DOS(E) = 1/4pit for 0 < E < 8t (green) for t/U = 0.16.
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FIG. 16. D (bottom line) and S (top line) at µ = 0 as func-
tions of T/t on the lattice for t/U = 0.16. dashed lines are
the continuum equivalent.
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FIG. 17. P , D and S at µ = 0 as functions of T/t on the
lattice for t/U = 0.16.
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FIG. 18. TKT as a function of µ/t for t/U = 0.16. Circles :
experiment. Red line : NPRG. blue dashed line : Prokovev
and Svistunov formula TKT = 2piµ/(g˜(µ) ln(26/g˜(µ)).
teraction λk are :
∂lδk =λk∂˜l
∫
q
Coth(
$q +Rk(q) + δk
2T
),
∂lλk =− λ
2
k
T
∂˜l
∫
q
{T Coth(
!q+Rk(q)+δk
2T )
2($q +Rk(q) + δk)
+ [Csch(
$q +Rk(q) + δk
2T
)]2},
(24)
These equations are equivalent to that of [11, 12] in the
NPRG formulation. The only difference is the implemen-
tation (the Renormalization Group scheme) which only
differs slightly on the quantitative results, but not on
the behavior of the different quantities as function of the
temperature.
We are interested in the physics at µ = δk=Λ = 0.
During the first part of the flow, $q + Rk(q) =
k2
2m "
T " δk, which implies that the flow is equivalent to the
zero-temperature limit
∂lδk = 0,
∂lλk =
mλ2k
2pi
,
(25)
FIG. 11. (Color online) Phase-space pressure P(µc, T ), phase-
space density D(µc, T ), and entropy per particle S(µc, T ) vs
g˜(T ) (U/t = 6.25). The lines show the universal limit ob-
tained from the scaling function F(0, g˜(T )) and its deriva-
tives.
the single-particle bandwid 8t [47].
Figure 10 shows the phase-space pressure P(µ, T ) ver-
sus δµ/T for U/t = 0.22 and U/t = 6.25 (δµ = µ − µc),
and various temperatures ranging from t/100 to 3t. In
the weak-coupling limit U/t = 0.22, g˜BH(T ) = U/t
is nearly temperature independent in the temperature
range [t/100, 3t] (see Fig. 5). At very low temperatures,
we obtain a perfect agreement between P(µ, T ) and the
10
universal scaling function F(δµ/T, g˜) (with g˜ = 0.22).
At higher temperatures, when T ∼ t, we observe that
P(µ, T ) slightly deviates from F(δµ/T, g˜), in particular
for large values of µ. This agrees with the previous obser-
vation that P(µc, T ) reaches the universal limit only for
T . t (see Figs. 6 and 7). For U/t = 6.25, we again find a
good agreement between P(µ, T ) and F(δµ/T, g˜(T )) at
low temperatures and small chemical potential δµ, but
deviations are clearly visible at higher temperatures or
larger values of δµ/T .
The phase-space pressure P(µc, T ), phase-space den-
sity D(µc, T ) and entropy per particle S(µc, T ) vs g˜(T )
are shown in Fig. 11 for U/t = 6.25. The maximum
around g˜(T ) ∼ 3.5 is due to the enhanced density of
states of the square lattice near the band center [45].
For g˜(T ) . 2.5, we recover the universal limit where the
thermodynamics is determined by the scaling function
F(δµ/T, g˜(T )).
V. COMPARISON WITH EXPERIMENTS
In this section, we compare our theoretical results for
the scaling function F ≡ F2 with three recent experi-
ments on two-dimensional Bose gases. The first experi-
ment was realized with a gas of 87Rb atoms with scat-
tering length a3 = 5.3 nm and a thickness lz = 240 nm
in the confining direction leading to a dimensionless in-
teraction constant g˜ = 2mg = 0.22 [19, 48]. The second
one was performed with 133Cs atoms and a scattering
length a3 controlled by a Feshbach resonance and vary-
ing in the range 2−10 nm resulting in g˜ = 0.1−0.52 [18].
The last one was realized with a 133Cs atom gas in
an optical lattice and can be described by the Bose-
Hubbard model with t = 2.7 nK, U = 16.7 nK (i.e.
U/t = 6.25), and a temperature varying in the range
5.8 − 32 nK (i.e. 2.15t − 32t) [20, 49]. This leads to
a temperature-dependent dimensionless interaction con-
stant g˜BH(T ) varying between 3.95 and 5.75. We refer
to these experiments as the “ENS”, “Chicago I” and
“Chicago II” experiments, respectively.
In Fig. 12, we compare the NPRG results with the
ENS experiment. For g˜ = 0.22, the temperature depen-
dence of g˜(T ) is negligible so that we expect the scal-
ing forms (32), which express P, D and S as universal
functions of µ/T and g˜, to be very well satisfied. We
find a nearly perfect agreement between the experimental
data and the NPRG calculation of the universal function
F(µ/T, g˜) (without any fitting parameter).
In Sec. IV C, we have shown that a Bose gas in an op-
tical lattice, described by the Bose-Hubbard model with
U/t = 6.25, reaches the universal limit only at tem-
peratures of the order of t. In the Chicago II experi-
ment, the lowest temperature T ∼ 2.15t is above t, and
we should therefore expect experimental data to agree
only approximately with results obtained from the uni-
versal function F . The temperature dependence of the
phase-space density D(µc, T ) is shown in Fig. 13. There
4
which gives, for s = T−
1
z and z = 1/ν = 2
D(µ, T, g0) =
mT
2pi
h2(
µ
T
,
−2pi
ln(
√
T 2ma22D/2) + C
). (19)
Because the density is the derivative of the pressure
with respect to the chimical pote tial, we get h2(x, y) =
∂f2
∂x
(x, y).
In order to study the scaling of the different thermo-
dynamic quantities, one usually removes the dimensional
dependence on temperature, using the so-called phase
space pressure P = PλddB/T and phase space density
D = DλddB, where λdB is the de Broglie thermal wave
length λdB =
√
2pi/mT .
WEAK-COUPLING REGIME
In most experiments, the 2D Bose gas is weakly inter-
acting, unless one uses an optical lattice or a Fleshbach
resonance in the scattering length. For instance, in [7],
the microscopic coupling of the quasi-bidimensional gas
is mg = 0.11. As discussed before, the 2D scattering
length depends exponentially on the interaction strength,
a2D " e−2pi/mg0/Λ. This implies that in weak-coupling,
g˜(s) is practically independent of s, except for exponen-
tially large s, and one can safely state that g˜(s) = mg0.
In particular, this implies that the scaling relations for
the phase space pressure and density are given by
P(µ, T, g0) = f2( µ
T
,mg0),
D(µ, T, g0) = h2( µ
T
,mg0),
(20)
and one therefore recovers the classical scale invari ce of
the bi-dimensional Bose gas. Another interesting thermo-
dynamical quantity is the tr py (per unit of volume)
s =
∂P
∂T
. In particular, equation (20) implies that the
entr py par a ticle S = s
D
is given by
S(µ, T, g0) = 2PD (
µ
T
,mg0)− µ
T
. (21)
The phase space pressure, density and the entropy per
particle ar then functions of µ/T only, for a give mi-
croscopic interaction strength.
It is possible o compute these quantities with a NPRG
approach, see technical details in appendix . Even th ugh
the approximations made are unable to grab most of the
physics of the BKT phase, w expect the thermodynam-
ics to be independent of these long wave-length fluctua-
ions. Figure 1 shows he NPRG calculation versus the
experimental data of ENS group given in Ref. [7]. Th re
is no free parameter and we have checked that our results
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FIG. 1. Phase space pressure P , phase space density D and
entropy per particle S vs µ/T from experimental data of [7]
and NPRG calculation of a 2D Bose gas with interaction
mg = 0.11 and 2ml2T = 0.1. The NPRG results are al-
most temperature independent in this weak-coupling regime,
see text.
are temperature independent, as expected in this weak-
coupling regime. The NPRG calculation agrees nicely
with the experimental results.
At large and negative chemical potential, the classical
regime is recovered, that is, P = D = e−|µ|/T and the
entropy per particle behaves asymptotically as 2 − µ/T .
In the opposite limit, thermodynamics is dominated by
the mean-field results, P = µ2/2g0, which gives
P = pi
mg0
(
µ
T
)2,
D = 2pi
mg0
µ
T
,
S = 0.
(22)
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which gives, for s = T−
1
z and z = 1/ν = 2
D(µ, T, g0) =
mT
2pi
h2(
µ
T
,
−2pi
ln(
√
T 2ma22D/2) + C
). (19)
Because the density is the derivative of the pressure
with respect to the chimical potential, we get h2(x, y) =
∂f2
∂x
(x, y).
In order to study the scaling of the different thermo-
dynamic quantities, one usually removes the dimensional
d pendence on temperature, using the so-called phase
space pressure P = PλddB/T and phase space density
D = DλddB, where λdB is the de Broglie thermal wave
length λdB =
√
2pi/mT .
WEAK-COUPLING REGIME
In most experiments, the 2D Bose gas is weakly inter-
acting, unless one uses an optical lattice or a Fleshbach
resonance in the scattering length. For instance, in [7],
the microscopic coupling of the quasi-bidimensional gas
is mg = 0.11. As discussed before, the 2D scattering
length depends exponentially on the interaction strength,
a2D " e−2pi/mg0/Λ. This implies that in weak-coupling,
g˜(s) is practically independent of s, except for exponen-
tially large s, and one can safely state that g˜(s) = mg0.
In particular, this implies that the scaling relations for
the phase space pressure and density are given by
P(µ, T, g0) = f2( µ
T
,mg0),
D(µ, T, g0) = 2( µ
T
,mg0),
(20)
and one therefore recovers the classical scale invariance of
the bi-dimensional Bose gas. Another interesting thermo-
dynamical quantity is the entropy (per unit of volume)
s =
∂P
∂T
. In particular, equation (20) implies that the
entropy par particle S = s
D
is given by
S(µ, T, 0) = PD (
µ
T
,mg0)− µ
T
. (21)
The phase space pressure, density and the entropy per
particle are then functions of µ/T only, for a given mi-
croscopic interaction strength.
It is possible to compute these quantities with a NPRG
approach, see technical details in appendix . Even though
the approximations made are unable to grab most of the
physics of the BKT phase, we expect the thermodynam-
ics to be independent of these long wave-length fluctua-
tions. Figure 1 shows the NPRG calculation versus the
experimental data of ENS group given in Ref. [7]. There
is no free parameter and we have checked that our results
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FIG. 1. Phase space pressure P , phase space density D and
entropy per particle S vs µ/T from experimental data of [7]
and NPRG calculation of a 2D Bose gas with interaction
mg = 0.11 and 2ml2T = 0.1. The NPRG results are al-
most temperature independent in this weak-coupling regime,
see text.
are temperature independent, as expected in this weak-
coupling regime. The NPRG calculation agrees nicely
with the experimental results.
At large and negative chemical potential, the classical
regime is recovered, that is, P = D = e−|µ|/T and the
entropy per particle behaves asymptotically as 2 − µ/T .
In the opposite limit, thermodynamics is dominated by
the mean-field results, P = µ2/2g0, which gives
P = pi
mg0
(
µ
T
)2,
D = 2pi
mg0
µ
T
,
S = 0.
(22)
4
which gives, for s = T−
1
z and z = 1/ν = 2
D(µ, T, g0) =
mT
2pi
h2(
µ
T
,
−2pi
ln(
√
T 2ma22D/2) + C
). (19)
Because the density is the derivative of the pressure
with respect to he chimical potential, we get h2(x, y) =
∂f2
∂x
(x, y).
In order to study the scaling of the different thermo-
dynamic qu ntities, one usually removes th dimensional
dependence on temperature, using the so-called ph se
spac pressure P = PλddB/T and phase space den ity
D = DλddB, where λdB is the e Broglie thermal wave
length λdB =
√
2pi/mT .
WEAK-COUPLING REGIME
In most experiments, the 2D Bose gas is weakly inter-
acting, unless one uses an optical lattice or a Fleshbach
resonance in the scattering length. For inst nce, in [7],
the microsc pic coupli g of the quasi-bidimensional gas
is mg = 0.11. As discussed before, the 2D scattering
length depends ex o entially on the interaction strength,
a2D " e−2pi/mg0/Λ. This implies that in weak-coupling,
g˜(s) is practically independent of s, except for exponen-
tially large s, and one can safely state that g˜(s) = mg0.
In particular, this implies that the scaling relations for
the phase space pressure and density are given by
P(µ, T, g0) = f2( µ
T
,mg0),
D(µ, T, g0) = h2( µ
T
,mg0),
(20)
and one therefore recovers the classical scale invariance of
the bi-dimensional Bose gas. Another interesting thermo-
dy amical quantity is the entropy (per unit of volume)
s =
∂P
∂T
. In particular, equation (20) implies that the
entropy par particle S = s
D
is given by
S(µ, T, g0) = 2PD (
µ
T
,mg0)− µ
T
. (21)
The phase space pressure, density and the entropy per
particle are then functions of µ/T only, for a given mi-
croscopic interaction strength.
It is possible to compute these quantities with a NPRG
approach, see technical details in appendi . Even though
the approximations made are unable to gr b mos f the
physic of the BKT phase, w expect the thermodynam-
i s to be independent of these long wave-length fluctua-
ions. Figure 1 hows the NPRG calcul ti n versus the
experimental data of ENS g oup given in Ref. [7]. There
is no ree param ter and we have check d that our results
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FIG. 1. Phase space pressure P , phase space density D and
entropy per particle S vs µ/T from experimental data of [7]
and NPRG calculation of a 2D Bose gas with interaction
mg = 0.11 and 2ml2T = 0.1. The NPRG results are al-
most temper ture independent in this w ak-coup ing regime,
see text.
are temperature independent, as expected in this weak-
coupling regime. The NPRG calculation agrees nicely
with the experimental resul s.
At larg and negative chemical potential, th classical
regime is recovered, that is, P = D = e−|µ|/T and the
entropy per particle behaves asymptotically as 2 − µ/T .
In the opposite limit, thermodynamics is dominated by
the mean-field results, P = µ2/2g0, which gives
P = pi
mg0
(
µ
T
)2,
D = 2pi
g0
µ
T
,
S = 0.
(22)
FIG. 12. (Color online) Phase-space pressure P(µ, T ), phase-
space density D(µ, T ) and entropy per particle S(µ, T ) vs µ/T
in the ENS experim nt [19]. The (red) solid line show the
NPRG results.
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FIG. 4. Scaled occupation D¯ at the critical point (δµ = 0) as a
function of the normalized temperature T/t from experimen-
tal data (figure 3 of [8]) (Black circle) and NPRG calculation
of a 2D lattice Bose gas with t/U = 0.16. green : scaling
function
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FIG. 5. Scaling function of the entropy per particle at δµ = 0,
S¯, vs g˜ = −4pi/(ln(√T a˜22D/4t) + C) from experiments [8]
(black circles) and [7] (green circle) and from NPRG calcula-
tion of a 2D Bose gas (red line). The inset is a loglog scale,
with a fit 1.5g˜0.184 (dashed blue line), in very good agreement
with the fit used in [8] on the interval probes by the exper-
iments. (There is a factor 2 between our definition of g˜ and
that of [8] and [7].)
In order to compare the measurement near the
vacuum-superfluid critical point, the microscopic physics
has to be taken into account, via the introduction of
the scattering length. Therefore, if one plots P¯, D¯
or S as function of g˜ = −4pi/(ln(√T a˜22D/4t) + C) =
−4pi/(ln(√T 2mΛ2a22D/2)+C), for a given µ/T , then all
the curves must collapse on each other. Figure 5 shows
the scaling function of S at µ = 0 vs g˜, as well as the
measurement of the Chicago group both with and with-
out lattice [1, 8]. The inset is in loglog scale, showing
that the empirical fit used in [8] is a nice approxima-
tion of the scaling function in the regime attained in the
experiments.
Figure 8 shows the scaling functions of P¯ and D¯ for
µ = 0 as function of g˜. We compute in Appendix the
behavior of the scaling functions.
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FIG. 6. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)) whereas the green triangle correspond
to the measurement of P¯ from [7]. D¯ goes as − ln(g˜) for small
g˜ (inset ?).
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FIG. 7. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of P¯ ([8]
(black) and [7] (green)).
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FIG. 8. Scaling function of the occupation number and pres-
sure at δµ = 0, vs g˜ = −4pi/(ln(√Ta22D/4t)+C) from NPRG
(lines). The squares are experimental measurements of D¯ ([8]
(black) and [7] (green)). D¯ goes as − ln(g˜) for small g˜ (inset
?).
FIG. 13. (Color online) Temperature dependence of the
phase-space density D(µc, T ) in the Chicago II experiment
(triangles) [20]. The (red) solid line shows the NPRG result
and the (green) dashed one the universal limit.
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STRONG COUPLING REGIME
When the Bose gas is loaded in a optical lattice,
the system can reach the strong coupling regime. The
bosons experience the vacuum-superfluid transition at
µc = −2dt or equivalently at δµ = 0. As stated in
and , the scaling function on the lattice are the same as
those of the dilute Bose gas if one use the effective mass
m∗ = 1/2tr2 and scattering length a∗, which are low en-
ergy parameters. Experimentally, one has access to the
microscopic parameters t and U , it is then natural to ex-
press the scaling relations (17) and (19) in term of the
pressure per site P¯ = rdP and the number of atom per
site n¯ = rdD as function t
P¯ (µ, T, U) =
T 2
4pit
f2(
µ
T
,
−4pi
ln(
√
T a˜22D/4t) + C
),
n¯(µ, T, U) =
T
4pit
h2(
µ
T
,
−4pi
ln(
√
T a˜22D/4t) + C
),
(23)
where a˜2D = a2D/r is the lattice scattering length in unit
of the lattice spacing, given by equation 9. Because of
the universality of the quantum critical fixed point, the
scaling functions f2 and h2 of equation (23) are the same
as equations (17) and (19) and all the microscopic details
are coded in the scattering length, at T 2m∗r2 = T/t
fixed. It is natural now to define the scaled pressure
per site P¯ = P¯ t/T 2 and scaled occupation number D¯ =
n¯t/T . The entropy per particle S is defined as before.
Thermodynamics measurements of a Bose gas in an
optical lattice were conducted by the Chicago group in
[8] at t/U = 0.16 and temperature ranging from 2t to
12t, that is at the frontier to the quantum critical regime.
Indeed, one expects to see the universal regime when the
interaction can approximate by equation (7), that is for
T " t.
Using a lattice-NPRG approach to the Bose-Hubbard
model, see [9, 10], we can compute the thermodynam-
ics for a given µ/U , t/U and T/U and compare to the
experimental data. As a technical remark, we want to
stress that the NPRG, at the approximations made here,
see Appendix , does not grab all the physics of the BKT
transition. Nevertheless, we expect the equation of state
to be almost independent of this long distance physics for
µ # 0. Whereas in weak coupling, there is no difficulty
in computing the density, as seen in figure 1, it is not the
case in strong coupling, where the transition from the
normal to superfluid phase makes the calculation harder
for µ ! 0, at least at high temperature. repetition ?
mettre cette discussion avant? ou en annexe ?
Figure 5 shows the scaled occupation number D¯ as a
function of µ/T , measured experimentally by the Chicago
group and from the NPRG at several temperatures, and
shows a very nice agreement between experiment and
theory. In particular, we see that the curves almost col-
lapse to a single one close to the critical point µ = 0.
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FIG. 2. Scaled pressure P vs δµ/T from [? ] (symbols) and
NPRG calculation of a 2D lattice Bose gas with t/U = 0.16
(lines), for T/t = 2.481 (red) and T/t = 4.074 (green).
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FIG. 3. Scaled pressure P vs δµ/T from [? ] (symbols) and
NPRG calculation of a 2D lattice Bose gas with t/U = 0.16
(lines), for T/t = 2.481 (red) and T/t = 4.074 (green).
The fact that the collapsing is not perfect is due to the
the breaking of scale invariance as the coupling constant
depends on temperature. This dependence is not com-
pletely negligible in strong coupling and one could expect
that it change qualitatively the physics from the weak-
coupling regime.
Figure 6 shows the entropy per particle S as a function
of µ/T for different temperatures, and there is also a fair
agreement between experiment and theory. Here again,
the curves do not completely collapse on each other due
to the breaking of scale invariance in strong coupling.
Figure 7 shows the scaled occupation number at the
critical chemical potential µ = 0 as a function of T/t.
The NPRG calculation are only in qualitative agreement
with the measurement. In particular, whereas the exper-
iment sees what seems to be a plateau (barre d’erreur
?), as one would expect if there were a true scale invari-
ance, the NPRG shows that D¯ always depends on tem-
perature, in agreement with equation 23. The plateau
seen experimentally might come from finite size effects
(???) or a breakdown of the LDA (??? but it seems to
work, cf MC).
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FIG. 4. Scaled pressure P vs δµ/T from [? ] (symbols) and
NPRG calculation of a 2D lattice Bose gas with t/U = 0.16
(lines), for T/t = 2.481 (red) and T/t = 4.074 (green).
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FIG. 5. Scaled occupation number D¯ vs δµ/T from [8]
(symbols) and NPRG calculation of a 2D lattice Bose gas with
t/U = 0.16 (lines), for T/t = 2.481 (red) and T/t = 4.074
(green).
In o der to compare the measurement near the
vacuum-superfluid critical point, the microscopic physics
has to be taken into account, via the introduction of
the scattering length. Therefore, if one plots P¯, D¯
or S as function of g˜ = −4pi/(ln(√T a˜22D/4t) + C) =
−4pi/(ln(√T 2mΛ2a22D/2)+C), for a given µ/T , then all
the curves must collapse on each other. Figure 8 shows
the scaling function of S at µ = 0 vs g˜, as well as the
measurement of the Chicago group both with and with-
out lattice [1, 8]. The inset is in loglog scale, showing
that the empirical fit used in [8] is a nice approxima-
tion of the scaling function in the regime attained in the
experiments.
Figure 11 shows the scaling functions of P¯ and D¯ for
µ = 0 as function of g˜. We compute in Appendix the
behavior of the scaling functions.
These scaling functions were computed using an NPRG
calculation in the continuum, as it is easier to get ride
of the lattice effects. In any case, one can show that the
scaling functions computed on the lattice do collapse as
they should.
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FIG. 6. Entropy per particle S vs δµ/T from [8] (symbols) and
NPRG calculation of a 2D lattice Bose gas with t/U = 0.16
(lines) for T/t = 2.481 (red) and T/t = 4.074 (green).
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FIG. 7. Scaled occupation D¯ at the critical point (δµ = 0) as a
function of the normalized temperature T/t from experimen-
tal data (figure 3 of [8]) (Black circle) and NPRG calculation
of a 2D lattice Bose gas with t/U = 0.16. green : scaling
function
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FIG. 8. Scaling function of the entropy per particle at δµ = 0,
S¯, vs g˜ = −4pi/(ln(√T a˜22D/4t) + C) from experiments [8]
(black circles) and [7] (green circle) and from NPRG calcula-
tion of a 2D Bose gas (red line). The inset is a loglog scale,
with a fit 1.5g˜0.184 (dashed blue line), in very good agreement
with the fit used in [8] on the interval probes by the exper-
iments. (There is a factor 2 between our definition of g˜ and
that of [8] and [7].)
FIG. 14. (Color online) Phase-space pressur P(µ, T ) vs δµ/T
for T = 6.7 nK and T = 11 nK in the Chicago II experi-
ment [20]. The solid lines show the NPRG results obtained in
the Bose-Hubbard model and the dashed lines t e universal
limit.
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STRONG COUPLING REGIME
When the Bose gas is loaded in a optical lattice,
the system can reach the s rong coupl ng regime. The
bosons experience the vacuum-superfluid transition at
µc = −2dt or equivalently at δµ = 0. As stated in
and , the scaling function on the lattic a e the same as
those of the dilute Bose gas if one use the effective mass
m∗ = 1/2tr2 and scatteri g length a∗, which are low en-
ergy parameters. Experimentally, on has access to the
microscopic parameters t and U , it is then natural to ex-
press the scaling relations (17) and (19) in term of the
pressure per site P¯ = rdP and the number of atom per
site n¯ = rdD as function t
P¯ (µ, T, U) =
T 2
4pit
f2(
µ
T
,
−4pi
ln(
√
T a˜22D/4t) + C
),
n¯(µ, T, U) =
T
4pit
h2(
µ
T
,
−4pi
ln(
√
T a˜22D/4t) + C
),
(23)
where a˜2D = a2D/r is the lattice scattering length in unit
of the lattice spacing, given by equation 9. Because of
the universality of the quantum critical fixed point, the
scaling functions f2 and h2 of equation (23) are the same
as equations (17) and (19) and all the microscopic details
are coded in the scattering length, at T 2m∗r2 = T/t
fixed. It is natural now to define the scaled pressure
per site P¯ = P¯ t/T 2 and scaled occupation number D¯ =
n¯t/T . The entropy per particle S is defined as before.
Thermodynamics measurements of a Bose gas in an
optical lattice were conducted by the Chicago group in
[8] at t/U = 0.16 and temperature ranging from 2t to
12t, that is at the frontier to the quantum critical regime.
Indeed, one expects to see the universal regime when the
interaction can approximate by equation (7), that is for
T " t.
Using a lattice-NPRG approach to the Bose-Hubbard
model, see [9, 10], we can compute the thermodynam-
ics for a given µ/U , t/U and T/U and compare to the
experimental data. As a technical remark, we want to
stress that the NPRG, at the approximations made here,
see Appendix , does not grab all the physics of the BKT
transition. Nevertheless, we expect the equation of state
to be almost independent of this long distance physics for
µ # 0. Whereas in weak coupling, there is no difficulty
in computing the density, as seen in figure 1, it is not the
case in strong coupling, where the transition from the
normal to superfluid phase makes the calculation harder
for µ ! 0, at least at high temperature. repetition ?
mettre cette discussion avant? ou en annexe ?
Figure 2 shows the scaled occupation number D¯ as a
function of µ/T , measured experimentally by the Chicago
group and from the NPRG at several temperatures, and
shows a very nice agreement between experiment and
theory. In particular, we see that the curves almost col-
lapse to a single one close to the critical point µ = 0.
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FIG. 2. Scaled occupation number D¯ vs δµ/T from [8]
(symbols) and NPRG calculation of a 2D lattice Bose gas with
t/U = 0.16 (lines), for T/t = 2.481 (red) and T/t = 4.074
(green).
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FIG. 3. Entropy per particle S vs δµ/T from [8] (symbols) and
NPRG calculation of a 2D lattice Bose gas with t/U = 0.16
(lines) for T/t = 2.481 (red) and T/t = 4.074 (green).
The fact that the collapsing is not perfect is due to the
the breaking of scale invariance as the coupling constant
depends on temperature. This dependence is not com-
pletely negligible in strong coupling and one could expect
that it change qualitatively the physics from the weak-
coupling regime.
Figure 3 shows the entropy per particle S as a function
of µ/T for different temperatures, and there is also a fair
agreement between experiment and theory. Here again,
the curves do not completely collapse on each other due
to the breaking of scale invariance in strong coupling.
Figure 4 shows the scaled occupation number at the
critical chemical potential µ = 0 as a function of T/t.
The NPRG calculation are only in qualitative agreement
with the measurement. In particular, whereas the exper-
iment sees what seems to be a plateau (barre d’erreur
?), as one would expect if there were a true scale invari-
ance, the NPRG shows that D¯ always depends on tem-
perature, in agreement with equation 23. The plateau
seen experimentally might come from finite size effects
(???) or a breakdown of the LDA (??? but it seems to
work, cf MC).
5
STRONG COUPLING REGIME
When the Bose gas is loaded in a optical lattice,
the system can reach the strong coupl ng regime. The
bosons experience the vacuum-superfluid transition at
µc = −2dt or equivalently at δµ = 0. As stated in
and , the scaling function on the lattice are the same as
those of the dilute Bose gas if on use the effective mass
m∗ = 1/2tr2 and scattering length a∗, which are low en-
ergy p rameters. Experim ntally, one has acces to the
microscopic parameters t and U , it is then na ural to ex-
press the scaling re ations (17) and (19) in r of the
pressure per site P¯ = rdP and the number of atom per
site n¯ = rdD as function t
P¯ (µ, T, U) =
T 2
4pit
f2(
µ
T
,
−4pi
ln(
√
T a˜22D/4t) + C
),
n¯(µ, T, U) =
T
4pit
h2(
µ
T
,
−4pi
ln(
√
T a˜22D/4t) + C
),
(23)
where a˜2D = a2D/r is the lattice scattering length in unit
of the lattice spacing, given by equation 9. Because of
the universality of the quantum critical fixed point, the
scaling functions f2 and h2 of equation (23) are the same
as equations (17) and (19) and all the microscopic details
are coded in the scattering length, at T 2m∗r2 = T/t
fixed. It is natural now to define the scaled pressure
per site P¯ = P¯ t/T 2 and scaled occupation number D¯ =
n¯t/T . The entropy per particle S is defined as before.
Thermodynamics measurements of a Bose gas in an
optical lattice were conducted by the Chicago group in
[8] at t/U = 0.16 and temperature ranging from 2t to
12t, that is at the frontier to the quantum critical regime.
Indeed, one expects to see the universal regime when the
interaction can approximate by equation (7), that is for
T " t.
Usi g a lattice-NPRG approach to the Bose-Hubbard
el, see [9, 10], we can compute the thermody am-
ics for a given µ/U , /U and T/U and compare to the
experimental data. As a echnic l remark, we want to
stress that the NPRG, at the approximations made here,
see Appendix , does not grab all the physics of the BKT
transition. Nevertheless, we expect the equation of state
to be almost independent of this long distance physics for
µ # 0. Whereas in weak coupling, there is no difficulty
in computing the density, as seen in figure 1, it is not the
case in strong coupling, where the transition from the
normal to superfluid phase makes the calculation harder
for µ ! 0, at least at high temperature. repetition ?
mettre cette discussion avant? ou en annexe ?
Figure 2 shows the sc led occupation number D¯ as a
function of µ/T , measured xperim ntally by the Chicago
gr up and from the NPRG at several tem eratures, and
shows a very nice agreement between experiment and
theory. In particular, we see that the curves almost col-
lapse to a single one close to the critical point µ = 0.
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FIG. 2. Scaled occupation number D¯ vs δµ/T from [8]
(symbols) and NPRG calculation of a 2D lattice Bose gas with
t/U = 0.16 (lines), for T/t = 2.481 (red) and T/t = 4.074
(green).
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FIG. 3. Entropy per particle S vs δµ/T from [8] (symbols) and
NPRG calculation of a 2D lattice Bose gas with t/U = 0.16
(lines) for T/t = 2.481 (red) and T/t = 4.074 (green).
The fact that the collapsing is not perfect is due to the
the breaking of scale invariance as the coupling constant
depends on temperature. This dependence is not com-
pletely negligible in strong coupling and one could expect
that it ch nge qualitatively the physic from he weak-
coupling regime.
Figure 3 shows the entropy per particle S as a function
of µ/T for different temperatures, and there is also a fair
agreement between experiment and theory. Here again,
the curves do not completely collapse on each other due
to the breaking of scale invariance in strong coupling.
Figure 4 shows the scaled occupation number at the
critical chemical potential µ = 0 as a function of T/t.
The NPRG calculation are only in qualitative agreement
with the measurement. In particular, whereas the exper-
iment sees what seems to be a plateau (barre d’erreur
?), as one would expect if there were a true scale invari-
ance, the NPRG shows that D¯ always depends on tem-
perature, in agree ent with equation 23. The platea
se n experimentally m ght come from finite size effects
(???) or a breakdown of the LDA (??? but it seems to
work, cf MC).
FIG. 15. (Color online) Phase-space density D(µ, T ) and en-
tropy per particle S(µ, T ) vs δµ/T for T = 6.7 and T = 11 nK
in the Chicago II experiment [20]. The solid and dashed lines
show the NPRG results obtained in the Bose-Hubbard model.
is an overall agreement between the experimental data
and the NPRG results but the existence of a plateau
for T . 8t followed by a strong suppression of D(µc, T )
at higher temperatures, as advocated in Ref. [20], is
not supported by the theory. In Fig. 14 we show the
phase-space pressure P(µ, T ) vs δµ/T for T/t = 2.5 and
T/t = 4.1. As expected the NPRG results show devi-
ations fro the univers l l mit F(δµ, g˜(T )) ( note that
g˜(T ) is nearly temperature independent in the tempera-
ture range [2.5t− 4.1t]). For large and negative chemical
potential δµ, the pressure is very well approxi ated by
the lassical dilute gas expression
P(µ, T ) = 4pite−|δµ|/T l2
ˆ
q
e−q/T . (37)
The difference with the universal limit P = e−|δµ|/T
(Sec. IV A) is entirely due to the difference between the
lattice dispersion q [Eq. (9)] and the free quadratic dis-
persion q2/2m with m = 1/2tl2. For T/t = 4.1, Eq. (37)
gives P ' 1.3e−|δµ|/T when δµ/T . −2. On the other
hand the experimental data show a remarkable agree-
ment between the phase space pressure P and the uni-
versal scaling function F with only a small difference for
positive δµ. Such an agreement is difficult to understand
in the framework of the Bose-Hubbard model. In par-
ticular, one would expect P to differ from e−|δµ|/T for
large and negative δµ and T/t ' 2− 4 due to lattice ef-
fects (see the discussion above). The phase-space density
D(µ, T ) and the entropy per particle S(µ, T ) vs δµ/T for
T/t = 2.5 and T/t = 4.1 are shown in Fig 15; there is a
good agreement between theory and experiment.
The ENS, Chicago I and Chicago II experiments can
be used to obtain P(µc, T ), D(µc, T ) and S(µc, T ) as
a function of the effective interaction constant g˜(T ).
The results are shown in Fig. 4. For all three experi-
ments, we obtain a very good agreement with the uni-
versal limit (23,24). This confirms that both the ENS
and Chicago I experiments deal with a weakly inter-
acting Bose gas in the universal regime. As for the
Chicago II experiment, such a good agreement is par-
tially accidental since for g˜BH(T ) ' g˜(T ) ' 4.3 (the rel-
evant value of g˜BH(T ) corresponding to the experimen-
tal data shown in Fig. 4), S(µc, T ) turns out to be very
close to the universal limit even though the system has
not reached the universal regime yet (see Fig. 11). We
also note that for this value of this interaction constant,
P(µc, T ) and D(µc, ) are nearly equal, which implies
that P (µc, T ) ' TD(µc, T ) as obs rved in the Chicago II
experiment.
VI. BKT TRANSITION TEMPERATURE
In this section we show how the BKT transition tem-
perature TBKT can be estimated from the NPRG ap-
proach. For the classical O(2) model, the NPRG re-
produces most of the universal properties of the BKT
transition [50, 51]. In particular one finds a value ρ˜∗0 of
the dimensionless order parameter (the spin-wave “stiff-
ness”) such that the beta function β(ρ˜0,k) = k∂kρ˜0,k
nearly vanishes for ρ˜0,k ≥ ρ˜∗0 (here k denotes the RG
momentum scale, see Appendix A). This implies the ex-
istence of a line of quasi-fixed points and enables to iden-
tify a low-temperature phase (T < TBKT) where the run-
ning of the stiffness ρ˜0,k, after a transient regime, be-
comes very slow, implying a very large (although not
strictly infinite as expected in the low-temperature phase
of the BKT transition) correlation length ξ. In this low-
temperature phase, the anomalous dimension ηk depends
on the (slowly varying) stiffness ρ˜0,k. It takes its largest
value ∼ 1/4 when the RG flow crosses over to the disor-
dered (long-distance) regime (for ρ˜0,k ∼ ρ˜∗0 and k ∼ ξ−1),
and is then rapidly suppressed as ρ˜0,k further decreases.
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FIG. 20. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2pi.
teraction λk are :
∂lδk =λk∂˜l
∫
q
Coth(
%q +Rk(q) + δk
2T
),
∂lλk =− λ
2
k
T
∂˜l
∫
q
{T Coth(
!q+Rk(q)+δk
2T )
2(%q +Rk(q) + δk)
+ [Csch(
%q +Rk(q) + δk
2T
)]2},
(24)
These equations are equivalent to that of [11, 12] in the
NPRG formulation. The only difference is the implemen-
tation (the Renormalization Group scheme) which only
differs slightly on the quantitative results, but not on
the behavior of the different quantities as function of the
temperature.
We are interested in the physics at µ = δk=Λ = 0.
During the first part of the flow, %q + Rk(q) =
k2
2m "
T " δk, which implies that the flow is equivalent to the
zero-temperature limit
∂lδk = 0,
∂lλk =
mλ2k
2pi
,
(25)
This will remain so until k
2
2m # T " δk # 0, where the
flow will switch from quantum to classical. Then the
approximate flow equations for T " k22m " δk are
∂lδk = −2mT
pi
λk,
∂lλk =
20m2T
pik2
λ2k.
(26)
Contrary to [11] we do not approximate the flow of the
coupling constant λk in the classical regime by its flow in
the quantum regime 25. [13] Finely, when k
2
2m # δk, the
flow of the running constants will stop due to the gap.
We thus integrate first 25 between k = Λ and k =
kT =
√
2mT , which gives
δkT = 0,
λkT =
1
g−1 + m4pi ln(
Λ2
2mT )
# gR
m
,
(27)
where gR = −2pi/(ln(
√
Tma22D/2) + C). Then we in-
tegrate 26 from k = kT and k =
√
2mδk, which gives
auto-coherent equation for the gap (noting δ = δk=
√
2mδ)
δ =
mTgR log
(
δ
T
(
5mgR
pi − 1
)
+ 5mgRpi
)
5gRm− pi . (28)
Our calculation is sensible in the limit gR % 1, for which
the one-loop RG calculation in the classical regime makes
sense. Furthermore, assume that δ/T " mgR to simplify
the above equation. This will have to be checked a pos-
teriori. Then equation (??) becomes
δ
T
= −mgR
pi
log
(
δ
T
)
, (29)
whose solution is
δ
T
=
mgR
pi
W (
pi
mgR
), (30)
where W (x) is the Lambert function, defined by
W (x)eW (x) = x. It goes like log(x) as x → ∞, there-
fore δ/T is indeed very large compare to mgR in the
limit where mgR % 1. This result is really different from
Sachdev’s, whose equivalent is δ = 4 log(mgR/2pi).
Using the scaling functions for the density and the
pressure, we get
P = −Li2(e−δ/T ),
D = − log(1 − e−δ/T ).
(31)
In the limit of low temperature and/or low gR, we obtain
P = pi
2
6
− gR
pi
log(
gR
pi
)2 +O(gR log(gR) log log(1/gR)),
D = log( pi
gR
) +O(log log(1/gR)).
(32)
This is complete disagreement with the results of Sachdev
: D = (gR/2pi)−4 but in good agreement with both nu-
merical resolution of the flow equations and the experi-
ments.
[1] C.-L. Hung, X. Zhang, N. Gemelke, and C. Chin,
Nature, 470, 236 (2011), ISSN 0028-0836.
[2] Equation 5 shows that the last independent critical ex-
ponent, the anomalous dimension η, is zero.
FIG. 16. (Color online) Flow trajectories in the plane (ns, η)
for a two-dimensional Bose gas with a dimensionless interac-
tion constant g˜ = 0.22. The vertical line indicates the value
of n∗s . The (red) solid line shows the line of quasi-fixed points
for ns ≥ n∗s . The critical trajectory (which joins the line of
quasi-fixed points for ns = n
∗
s) corresponds to µ/T ' 0.154.
On the other hand, the beta function is well approxi-
mated by β(ρ˜0,k) = const × (ρ˜∗0 − ρ˜0,k)3/2 for ρ˜0,k ≤ ρ˜∗0,
and the essential scaling ξ ∼ econst/(T−TBKT)1/2 of the
correlation length above the BKT transition tempera-
ture TBKT is reproduced [51]. Thus, although the NPRG
approach does not yield a low-temperature phase with
an infinite correlation length, it nevertheless allows us to
estimate the BKT transition temperature from the value
of ρ˜∗0. A reasonable estimate of the BKT transition in the
two-dimensional XY model has been obtained using the
lattice NPRG [52]. Here we use the NPRG to determine
the BKT transition temperature in a two-dimensional
Bose gas [53].
The flow trajectories in the plane (ns, η) are shown in
Fig. 16 for the continuum model with g˜ = 0.22. ns de-
notes the superflui density and is an log to the dimen-
sionless order parameter ρ˜0 of the classical O(2) model.
At sufficiently low temperatures, the trajectories join a
line of quasi-fixed points where the RG flow is very slow,
before eventually crossing over to the disordered phase
(ns → 0). The value of ns at the merging point with
the line of quasi-fixed points depends on the temperature
and chemical potential of the Bose gas. We estimate the
BKT transition temperature by the trajectory for which
the merging point corresponds to the value n∗s (analog
to ρ˜∗0 in the classical O(2) model) of the superfluid den-
sity. A precise determination of the value of n∗s (which
can be obtained by fitting the beta function k∂kns,k by
const×(n∗s−ns,k)3/2 for ns,k < n∗s) is however difficult as
it requires the full calO(∂2) expansion of the effective ac-
tion while we solve the NPRG equation within a simple
truncation of the effective potential [Eq. (B1)]. Never-
theless, since the BKT transition in the Bose gas model
and the classical O(2) model is controlled by the same
fixed point, we expect the ratio n∗s/n
max
s , where n
max
s is
the value of ns for which η is maximum (Fig. 16), to be
equal to ρ˜∗0/ρ˜
max
0 .
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FIG. 26. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2pi. dot in
the inset : fit µ/T/g˜ = 0.15635 ∗ ln(1/tg) + 0.46. 0.15635 is
1/2pi within 2% and 0.46 gives ξµ = 18 instead of 13.
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FIG. 27. µKT /T as a function of g˜(T ) in the continuum. Blue
and red line, two different temperature. Green line : Prokovev
and Svistunov formula µ/TKT = (g˜(µ) ln(26/g˜(µ))/2pi.
T ! δk, which implies that the flow is equivalent to the
zero-temperature limit
∂lδk = 0,
∂lλk =
mλ2k
2pi
,
(25)
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FIG. 28. P in strong coupling 2mg0 = 2 for two different
temperatures (Tref = Λ
2/2m).
This will remain so until k
2
2m " T ! δk " 0, where the
flow will switch from quantum to classical. Then the
approximate flow equations for T ! k22m ! δk are
∂lδk = −2mT
pi
λk,
∂lλk =
20m2T
pik2
λ2k.
(26)
Contrary to [11] we do not approximate the flow of the
coupling constant λk in the classical regime by its flow in
the quantum regime 25. [13] Finely, when k
2
2m " δk, the
flow of the running constants will stop due to the gap.
We thus integrate first 25 between k = Λ and k =
kT =
√
2mT , which gives
δkT = 0,
λkT =
1
g−1 + m4pi ln(
Λ2
2mT )
" gR
m
,
(27)
where gR = −2pi/(ln(
√
Tma22D/2) + C). Then we in-
tegrate 26 from k = kT and k =
√
2mδk, which gives
auto-coherent equation for the gap (noting δ = δk=
√
2mδ)
δ =
mTgR log
(
δ
T
(
5mgR
pi − 1
)
+ 5mgRpi
)
5gRm− pi . (28)
Our calculation is sensible in the limit gR % 1, for which
the one-loop RG calculation in the classical regime makes
sense. Furthermore, assume that δ/T ! mgR to simplify
the above equation. This will have to be checked a pos-
teriori. Then equation (??) becomes
δ
T
= −mgR
pi
log
(
δ
T
)
, (29)
whose solution is
δ
T
=
mgR
pi
W (
pi
mgR
), (30)
where W (x) is the Lambert function, defined by
W (x)eW (x) = x. It goes like log(x) as x → ∞, there-
fore δ/T is indeed very large compare to mgR in the
limit where mgR % 1. This result is really different from
Sachdev’s, whose equivalent is δ = 4 log(mgR/2pi).
Using the scaling functions for the density and the
pressure, we get
P = −Li2(e−δ/T ),
D = − log(1 − e−δ/T ).
(31)
In the limit of low temperature and/or low gR, we obtain
P = pi
2
6
− gR
pi
log(
gR
pi
)2 +O(gR log(gR) log log(1/gR)),
D = log( pi
gR
) +O(log log(1/gR)).
(32)
FIG. 17. (Color online) Ratio (µ/T )BKT vs g˜(T ) for T =
TΛ/10 and T = TΛ/50, where TΛ = Λ
2/2m. The (green)
dotted line orresponds to the expression (40) with the Monte
Carlo result ζ = 13.2 [9, 10].
Using this method, we have verified that the ratio µ/T
at the BKT transition is a universal function of g˜(T ), i.e.(µ
T
)
BKT
= H(g˜(T )), (38)
with H a universal function. Equivalently, since g˜(T ) is
a function of ma22T , (µ/T )BKT can be seen as a universal
function of ma22T or ma
2
2µ. Figure 17 shows (µ/T )BKT
obtained for two different temperatures, T = TΛ/10 and
TΛ/50 (TΛ = Λ
2/2m), and a range of values of g˜. The
universal form (38) is well satisfied in the weak-coupli g
limit (g˜(T ) ' g˜ . 1). In this limit, we find(µ
T
)
BKT
' 0.982
2pi
g˜ ln
(
2× 9.48
g˜
)
, (39)
in good agreement with the weak-coupling result [9, 10,
12, 35] (µ
T
)
BKT
=
1
2pi
g˜ ln
(
2ζ
g˜
)
, (40)
where ζ ' 13.2±0.4 has been obtained from Monte Carlo
simulation [9, 10]. We ascribe the violation of universality
at strong coupling, as seen in Fig. 17, to a poor descrip-
tion of the BKT transition by the NPRG when g˜ & 1 [54].
Although we can use the same method to determine the
BKT transition temperature in the Bose-Hubbard model,
we cannot compare with the experimental result of the
Chicago II experiment [20] which corresponds to a strong-
interaction regime (g˜BH(T ) ∼ 4.3) where this method is
not reliable.
VII. CONCLUSION
The scale invariance of the equation of state of a
weakly interacting Bose gas, i.e. the fact that the phase-
space pressure P(µ, T ) depends only on µ/T when the
dimensionless interaction constant g˜ is small, is well
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understood both experimentally and theoretically. We
have shown that, more generally, the phase-space pres-
sure P(µ, T ) is a universal function of µ/T and the
temperature-dependent dimensionless interaction con-
stant g˜(T ) [Eq. (1)]. Using the NPRG approach, we have
computed the corresponding universal scaling function
F(x, y) for a two-dimensional gas from weak to strong
coupling. Recent measurements of the pressure, density
and entropy in a weakly two-dimensional Bose gas [18, 19]
allow us to determine both the x and y dependence of
F(x, y) in some limits, and the results are found to agree
remarkably well with the NPRG predictions.
We have also compared our theoretical results in the
Bose-Hubbard model with recent experimental data ob-
tained in a two-dimensional Bose gas in an optical lattice
near the vacuum-superfluid transition [20]. Our theoreti-
cal analysis shows that the lowest temperature (T = 2.5t)
reached in the experiment remains slightly above the
crossover temperature T ∼ t to the quantum critical
regime where the thermodynamics is fully determined
by the universal scaling function F . However, some-
what surprisingly, the experimental data do not show the
small deviations from (universal) quantum critical behav-
ior that are expected for T = 2.5t (see the discussion in
Sec. V).
The experiment reported in Ref. [20] shows that it
is now possible to measure the thermodynamics of a
two-dimensional Bose gas in an optical lattice near the
superfluid–Mott-insulator transition (where the Mott in-
sulating phase is not the vacuum). Since this transi-
tion (when it is induced by a density change) belongs
to the dilute Bose gas universality class, the thermody-
namics in the superfluid phase is also determined by the
scaling function F (the BKT transition temperature be-
ing determined by the scaling function H, see Eq. (38)).
The nonuniversal parameters m and a2 should be un-
derstood as the effective mass and effective scattering
length of the elementary excitations at the (nontrivial)
QCP between the superfluid phase and the Mott insula-
tor. We have recently shown that Eq. (1) indeed holds for
a three-dimensional Bose gas in an optical lattice near the
Mott transition and computed the non-universal param-
eters m and a3 in the framework of the Bose-Hubbard
model [55]. Measuring the thermodynamics near the
superfluid–Mott-insulator transition of a two- or three-
dimensional Bose gas would allow for a very strong test
of universality in strongly interacting quantum fluids.
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Appendix A: Non-perturbative RG
In this section, we briefly review the NPRG approach
to interacting boson systems. The strategy of the NPRG
is to build a family of models indexed by a momentum
scale k varying from a microscopic scale Λ down to 0. In
practice, this is achieved by adding to the (Euclidean)
action S of the model a term
∆Sk[ψ
∗, ψ] =
ˆ β
0
dτ
∑
q
ψ∗(q)Rk(q)ψ(q). (A1)
Here ψq(τ) is a bosonic field and τ ∈ [0, 1/T ] an imagi-
nary time. The so-called cutoff function Rk(q) vanishes
for k = 0 so that the action S + ∆Sk=0 reduces to the
action of the model we are interested in. When k is finite,
Rk(q) suppresses fluctuations with momenta |q| . k and
acts as an infrared regulator term. Its value at the micro-
scopic scale Λ must be chosen such that the model with
action S+∆SΛ is exactly (at least numerically) solvable.
In the standard implementation of the NPRG [56, 57],
one ensures that all fluctuations are frozen by the ∆SΛ
term, so that the mean-field approximation becomes ex-
act. For a lattice model, such as the Bose-Hubbard
model, one can instead choose RΛ(q) (with Λ of the order
of the inverse lattice spacing) such that tq +RΛ(q) = 0.
The action S+∆SΛ then describes a system of decoupled
sites (vanishing hopping amplitude) and is exactly solv-
able. This implementation of the NPRG, referred to as
the lattice NPRG, was introduced in Ref. [52] and used
to study the Bose-Hubbard model in Refs. [27, 43]. In
both the standard and lattice NPRG schemes, the ef-
fective action of the original system (with action S) is
deduced from that of the reference system (with action
S + ∆SΛ) by solving a RG equation.
The main quantity of interest in the NPRG approach
is the scale-dependent effective action
Γk[φ
∗, φ] = − lnZk[J∗, J ] +
ˆ β
0
dτ
ˆ
ddr(J∗φ+ c.c.)
−∆Sk[φ∗, φ], (A2)
defined as a modified Legendre transform of
− lnZk[J∗, J ] which includes the subtraction of
∆Sk[φ
∗, φ]. Here J(r, τ) is an external (complex)
source which couples linearly to the boson field ψ(r, τ),
Zk[J
∗, J ] the partition function corresponding to the
action S + ∆Sk, and
φ(r, τ) =
δ lnZk[J
∗, J ]
δJ∗(r, τ)
= 〈ψ(r, τ)〉 (A3)
the superfluid order parameter.
In the standard NPRG implementation, the initial
value ΓΛ[φ
∗, φ] = S[φ∗, φ] of the scale-dependent effec-
tive action is given by the microscopic action. In the
lattice implementation (Bose-Hubbard model),
ΓΛ[φ
∗, φ] = Γloc[φ∗, φ] +
ˆ β
0
dτ
∑
q
φ∗(q)tqφ(q), (A4)
14
where Γloc is the Legendre transform of the thermody-
namic potential − lnZloc[J∗, J ] in the local limit (vanish-
ing hopping amplitude). The effective action Γk can be
deduced from ΓΛ by (approximately) solving the exact
flow equation [58]
∂kΓk[φ
∗, φ] =
1
2
Tr
{
∂kRk
(
Γ
(2)
k [φ
∗, φ] +Rk
)−1}
, (A5)
where Γ
(2)
k is the second-order functional derivative of Γk.
In Fourier space, the trace in (A5) involves a sum over
momenta and frequencies as well as the two components
of the complex field φ. We refer to Refs. [27, 39, 55] for
a detailed discussion of the approximations used to solve
Eq. (A5).
All thermodynamics properties can be obtained from
the effective potential defined by
Vk(n) =
1
βV
Γk[φ
∗, φ]
∣∣∣∣
φ const
(A6)
(V denotes the volume of the system), where φ is a con-
stant (uniform and time-independent) field and n = |φ|2.
Its minimum determines the condensate density n0,k and
the thermodynamic potential (per unit volume) V0,k =
Vk(n0,k) in the equilibrium state. The pressure is then
simply given by
P (µ, T ) = −V0,k=0. (A7)
Appendix B: NPRG equations for µ = 0
In this section, we discuss the solution of the µ = 0
NPRG equation for a continuum model with Hamilto-
nian (3) (d = 2). We use the cutoff function Rk(q) =
(k− q)Θ(k− q) (Θ(x) denotes the step function) and
approximate the effective potential by
Vk(n) = V0,k + δkn+
λk
2
n2. (B1)
The initial condition given by the mean-field solution is
δΛ = −µ and λΛ = g. The RG equations read
∂kδk = λk∂˜k
ˆ
q
coth
(
q + δk +Rk(q)
2T
)
,
∂kλk = − λ
2
k
2
∂˜k
ˆ
q
[
1
q + δk +Rk(q)
× coth
(
q + δk +Rk(q)
2T
)
+
2
T
sinh−2
(
q + δk +Rk(q)
2T
)]
, (B2)
where ∂˜k = (∂kRk)∂/∂Rk and we use the notation
´
q
≡
(2pi)−2
´
d2q. Note that with the truncation (B1), the
NPRG equations in the normal phase (vanishing con-
densate density) reduce to standard one-loop equations.
Except for minor differences (due to a slightly different
RG scheme), Eqs. (B2) are equivalent to the one-loop RG
equations derived in Refs. [12, 59] using a momentum-
shell one-loop RG approach with a sharp cutoff.
Since q + Rk(q) ≥ k, the RG equations can be ap-
proximated by their T = 0 limit when k  T ,
∂kδk = 0,
∂kλk =
mλ2k
2pi
.
(B3)
There is a quantum-classical crossover when k becomes of
the order of kT =
√
2mT . In the classical regime where
k  kT , q + δk + Rk(q)  T for the values |q| ∼ k
contributing to the momentum integrals in (B2), we find
∂kδk = −2mT
pi
λk,
∂kλk =
20m2T
pik2
λ2k.
(B4)
To obtain an approximate solution of the RG equations,
we first integrate (B3) between k = Λ and k = kT , which
gives
δkT ' 0,
λkT ' g(T ),
(B5)
where g(T ) = g˜(T )/2m is defined by (20). We then in-
tegrate Eqs. (B4) between kT and k =
√
2mδk (the RG
flow stops beyond this point) with boundary values at kT
given by (B5). We deduce the approximate expressions
of δ ≡ δk=0 and λ ≡ λk=0,
δ = −mT
piB
ln
(
g(T )
2mT
(A+ 2mBδ)
)
,
λ =
2mδ
A+ 2mδB
,
(B6)
where
A =
10m2T
pi
, B =
1
g(T )
− A
2mT
. (B7)
The one-loop RG equations are essentially exact in the
quantum regime k  kT (which coincides with the vac-
uum limit when µ = 0) but requires λ˜k = 2mλk ≤ λ˜kT 
1, i.e. g˜(T ) 1, to be valid in the classical regime. Using
δ  T and anticipating that δ/T  g˜(T ), the equation
for δ simplifies into
δ
T
= − g˜(T )
2pi
ln
(
δ
T
)
. (B8)
The solution of Eq. (B8),
δ
T
=
g˜(T )
2pi
W
(
2pi
g˜(T )
)
, (B9)
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FIG. 30. δ/T as a function of g˜(T ). the red line is the scaling
function, the black dashed line are the lattice case for (t/U =
0.1, 0.3 0.6 from right to left and the blue dotted-dashed line
is the aprroximation given in equation (30) with a scale factor
of order 0.9.
This is complete disagreement with the results of Sachdev
: D = (gR/2pi)−4 but in good agreement with both nu-
merical resolution of the flow equations and the experi-
ments.
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FIG. 18. (Color online) δ/T vs g˜(T ) obtained from the numer-
ical solution of Eqs. (B2) with µ = 0 ((red) solid line). The
(blue) dash-dotted line shows the approximate solution (B9)
with an overall multiplicative constant α = 0.87. The sym-
bols show δ/T in the Bose-Hubbard model for U/t = 3.33 and
10 (and µ = µc).
can be written in terms of the Lambert function W (x)
defined by WeW = x. Using W (x) ' lnx for x  1, we
obtain
δ
T
=
g˜(T )
2pi
ln
(
2pi
g˜(T )
)
(B10)
for g˜(T ) → 0. The gap δ ≡ δk=0 obtained from the
NPRG equations is shown in Fig. 18. There is a very good
agreement with the expression (B9) up to a multiplica-
tive constant α ' 0.87 (which accounts for the rather
crude treatment of the quantum-classical crossover when
solving the RG equations). Figure 18 also shows the gap
computed in the Bose-Hubbard model. At low temper-
atures, we recover the universal limit described by the
continuum model. We also observe a non-monotonous
variation of δ/T which is due to the enhanced density
of states of the square lattice near the band center [45].
The maximum of δ/T with respect to g˜(T ) is responsible
for the maximum observed in the phase-space pressure
P(µc, T ) as a function of g˜(T ) (see Fig. 6).
To obtain the pressure, we adopt the standard
momentum-shell RG point of view where −δ is inter-
preted as a renormalized chemical potential. Comput-
ing the pressure directly from the renormalized parame-
ters [59], and ignoring the renormalized interaction λ˜
1, we obtain
P(0, T ) = Li2(e−δ/T ), (B11)
where Li2 is a polylogarithm function. Together with the
condition δ  T and the asymptotic behavior of Li2(x)
for |x− 1|  1 and x < 1, Eq. (B11) gives
P(0, T ) = pi
2
6
− g˜(T )
2pi
ln2
(
2pi
g˜(T )
)
. (B12)
This expression agrees with the numerical solution of
Eqs. (B2) but differs from the analytical result reported
in Ref. [59]. The result limT→0 P(0, T ) = pi2/6 is exact
since the one-loop approximation becomes exact in the
limit g˜(T )→ 0.
To compute the ensity D and the compressibility κ,
we start the RG procedure with an infinitesimal chemi-
cal potential, i.e. δΛ = −µ. Integrating the RG equa-
tions in the classical and quantum regimes, we then find
δkT ' −µ and δ(µ) = δ(0) + δkT , where −δ(0) is the
renormalized chemical potential for µ = 0 [Eq. (B9)].
We deduce
D(0, T ) =
∂P (µ, T )
∂µ
∣∣∣∣
µ=0
= −∂P (0, T )
∂δ
,
κ(0, T ) =
∂2P (µ, T )
∂µ2
∣∣∣∣
µ=0
=
∂2P (0, T )
∂δ2
.
(B13)
Using Li′2(x) = − ln(1− x)/x, we finally obtain
D(0, T ) = − ln(1− e−δ/T ) ' ln( 2pi
g˜(T )
)
,
κ(0, T ) =
m
2pi
1
eδ/T − 1 '
m
g˜(T ) ln
(
2pi
g˜(T )
) , (B14)
a result which is also in good agreement with the numer-
ical solution of the RG equations. Note that the com-
pressibility κ(0, T ) diverges at the quantum critical point
µ = T = 0, in agreement with the known result
κ(µ, T = 0) ' −m
2pi
ln
(
1
2
√
ma22µ
)
' 2m
g˜(µ)
(B15)
for small positive µ (see Eq. (26)).
Appendix C: Interaction constant gBH() in the
Bose-Hubbard model
In the continuum model, the energy-dependent in-
teraction constant is defined from the solution of the
T = µ = 0 RG equation. The latter can be written
as
g() =
g
1 + gΠ()
, (C1)
where
Π() =
ˆ
q
ˆ ∞
−∞
dω
2pi
Θ(q − ) 1
(iω − q)(−iω − q)
=
ˆ
q
Θ(q − ) 1
2q
(C2)
is a particle-particle propagator with an infrared cutoff
. Equation (C1) makes it clear that the one-loop RG
equation resums the ladder diagrams contributing to the
two-particle vertex. For bosons with a quadratic disper-
sion q = q
2/2m (and an energy-independent density of
16
states N() =
´
q
δ( − q) = m/2pi), Eq. (C2) is equiva-
lent to
Π() =
ˆ
q
1
2(q + )
(C3)
in the limit  Λ2/2m. In the Bose-Hubbard model, we
define the energy-dependent interaction constant gBH()
from (C1) and (C3) with g ≡ U and q the lattice disper-
sion (9) [see Eqs. (35,36)]. Note that using (C2) rather
than (C3) would yield the same universal limit (20) in
the low-energy limit.
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